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^ \ This paper is a survey of old and recent results related to Khintichine's singular matrices and 
their applications in the theory of Diophantine approximations. 

In 1926 A.Khintchine find out that the behaviour of two-dimensional Diophantine approximations 
differs cardinally from the behaviour of one-dimensional Diophantine approximations. He proved the 
I— i! existence of two-dimensional real vectors which adimt "extremely good" rational approximations (he 
^ \ considered simultaneous approximations as well as approximations for a linear form in two variables). 
>• \ Later this two-dimensional result was extended to the general systems of n linear forms in m variables. 
2 ■ The coressponding real matrices admitting "extremely good" rational approximations are known 
\n ' now as Khintichine's singular matrices. Most of the theory of singular matrices was constructed by 

\ A.Khintchine and V.Jarnik in 1920 - 1950. 
^ " In our survey we discuss the definition of singular matrix and the existence theorems (Section 
Qs^ [I]). Section [2] is devoted to the theory of subspaces of the best Diophantine approximations. The 
O • phenomenon of the degeneracy of dimension of the subspaces of the best approximations is also 
> . discussed there. We discuss one-dimensional Diophantine approximations (Section [3l) and simulta- 
^ . neous Diophantine approximations (Section Hj). Section [5] is devoted to the uniform and individual 
^ \ Diophantine characteristics. We consider ingomogeneous Diophantine approximations in Section El 
" " ' Then in Section [7] we mention some problems of geometry of numbers related to the topic. A brief 
survey on classic and modern transference inequalities is given in Section [H In Section [9] we collect 
together results about the Hausdorff dimension of sets of singular matrices. 

We would like to point out that Diophantine analysis related to singular matrices was the major 
tool for the solution of the problem concerning oscillating properties of the integral of a conditionally 
periodic function proposed by V.V. Kozlov in 1978. This is the subject of Section [TTl 

The final Section [13] is devoted to some related problems including the application of a recent 
method due to Y.Peres and W.Schlag. 

The paper is written in Russian. English version should appear in "Russian Mathematical Sur- 
veys" in the beginning of 2010. 
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CnnryjiapHbie /^HOcJjaHTOBbi CHCxeMbi A. 3. XnHHHHa 

H HX npHMGHeHHe 

MomeBHTHH H.rfl 

Moejuy saMenameAhHOMy yHumeAW 
BaAepuK) BacuAbeeuuy KosAoey 
K 620 mecmudecHmuAemum 

B 1926 ro^y A.5I.Xhhhhh oGnapyjKHji (cm. |60|). hto b ^ByMepHbix aa^a^ax TeopHH flHO(J)aHTOBbix 

npnSjIHJKeHHH BOSHHKaiOT flBJIGHHa, CymeCTBGHHO OTJIH^aiOmHeCa OT Tex, KOTOpbie HMeiOT MeCTO B 

aa^ane o npnSjiHJKeHHH paii;HOHajibHbiMH HHCJiaiviH oflHoro Hppaii;HOHajibHoro nncjia. B nacTHOCTH, 
OH KOHCTpyKTHBHO flOKasaji cymecTBOBaHHe ;i;ByMepHbix BeinecTBeHHbix BCKTopoB, "aHOMajibHO xopomo" 
npnSjiHJKaeMbix paii;HOHajibHbiMH HHCJiaiviH (b CMbicjie jiHHefiHOH 4)opMbi h b CMbicjie coBiviecTHbix 
npHSjiHiKGHHii) . B flajibneHineM KOHCTpyKn,Hfl paSoTbi |60| Sbijia oSoSmena na cjiynaii npoHSBOJibHoro 
KOJiHHecTBa jiHHeHHbix (J)opM OT npoH3BOJibHoro KOJiHHecTBa n,ejio^HCJieHHbix nepeMeHHbix, a MaTpHn,bi 
K03(J)(J)Hn,HeHT0B jiHHeHHbix (J)opM, flonycKaiomHx anoMajibHO xoponiHe npH5jiH>KeHHfl nojiynnjiH 
HasBaHHe cumyAHpnux. 

B HacToameH paSoTe mm flejiaeM oSaop peayjibxaxoB h3 Teopnn ^HOcJjaHTOBbix npH6jiH5KeHHH 
H ee npHjio>KeHHH, tgm hjih hrmm o6pa30M CBHsanHbix c HcnojibsoBanHeM CHHryjiapHbix MaipHn, 
A.5I.XHHHHHa. B ocHOBHOM, 3Ta nacTb TeopHH flHo4)aHTOBbix HpHSjiHJKeHHH 6bijia HOCTpoena B 
CTaTbflx A. 51. XnHHHHa |59| - |66) h B.5IpHHKa |51) - |57| . OcHOBonojiaraiomaa paSoia |60| HBjiHeTCH 
o;i;hoh h3 jiyHiHHx (cKopee, caMofl jiyHmefi) paSoxofl A. 51. XnHHHHa b o6jiacTH xeopHH ;i;HO(J)aHTOBbix 
HpnSjiHJKeHHH. Mnorne cxaxbH A. 51. XnHHHHa 6biJiH neflaBHO HepeH3;i;aHbi b KHnre ero HsGpannbix 
Tpy;i;oB [68]. K cojKajieHHio, aaMeHaxejibHbie pa6oTbi B.5IpHHKa Majio;i;ocTyHHbi, na flojiroe BpeMH 
OHH SblJIH aaSbiTbi. 

^aHHbiH o63op HaHHHaeTCH c o5cy>K;],eHHfl OHpe^ejienHH CHHryjiapnoH MaTpHn,bi, TeopeM cymecTBO- 

BaHHH H CBH3H C HaHJiyHHIHMH ;i;HO(J)aHTOBbIMH HpnSjIHJKeHHHMH (nyHKT [T]) . B HyHRTG [2] H3JiaraiOTca 

o6Hi;He pe3yjibTaTbi o HO^HpocTpancTBax, HopojK;i;eHHbix HaHJiynmnMH HpH5jiH>KeHHHMH. OT^ejibHO 
paccMaxpHBaeTCH 3aflaHa o coBMecTHbix HpH5jiH»ceHHHx (nyHKT SI) n BOCxo;i;Hni;aH k B.5IpHHKy 3a;i;aHa 
o CBH3H paBHOMepnbix H HHflHBH^yajibHbix flHo4)aHTOBbix xapaKTepncTHK (nyHKT E]) . TaM jkg ^aeTCH 
ycHjienne o^noro pe3yjibTaTa B.5IpHnKa. B necKOJibKnx MecTax n3JiaraiOTca pe3yjibTaTbi aBTopa o 
BbipojKflenHH pa3MepH0CTH no;i;HpocTpaHCTB, nopojK;i;eHHbix HanjiyHmnMn npn6jiHJKeHHHMn. Sa^anaM 
o HeoflHopo;i;Hbix Jinnennbix flno4)aHTOBbix npnGjin^KeHnn nocBHni;eH nynKTlH B nyHKTe[7]paccMaTpn- 
BaiOTCH 3aflaHn Teopnn pemeTOK, CBHsannbie c BonpocaMn ;i;no(J)aHTOBbix npnGjinjKennn. B nynKxe 
[8] nepenncjifliOTCfl KjiaccnnecKne n coBpeMennbie pe3yjibTaTbi, Kacaiontneca npnnn,nna nepenoca. B 
nynKTe[9]co5panbi n3BecTnbie aBTopy yTBep>KflennH o pa3MepnocTn Xaycflop(|)a MnojKecTB cnnryjiapnbix 
MaTpnn,. 

Bonpocbi, CBa3annbie c npnMenenneM Teopnn ;i;no(|)anTOBbix npn5jin»cennH ecTecTBennbiM o6pa30M 
B03nnKaiOT b neKOTopbix 3aflanax KJiaccnnecKon MexannKn, nMeioni;nx OTnomenne k TaK na3biBaeM0H 
npoSjiGMe "Majibix snaMenaTejien", nanpnMep, b Teopnn B03Myn],ennH ycjiOBno-nepno^nnecKnx flBn>KennH 
(cm. [79]). B nacTnocTn OKa3ajiocb, nTO cnnryjiapnbie cncTCMbi A.5I.Xnnnnna Mory 6biTb npnMcnenbi 
fljia nocTpoenna cncTCM c "6biCTpo pa36eraion],nMnca TpacKTopnaMn", nTO 6bijio c^ejiano B.B.Ko3JiOBbiM 

^ Pa6oTa BbinojiHeHa npn no^^epjKKe rpanTa P^x^H JV^ 09-01-00371a h rpanTa noAAepjKKH Beflymnx nayHHbix 
niKOJi Hm-691. 2008.1 
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H H.r.MomeBHTHHbiM |80) ■ Bojiee Toro, MHoroMepnbiH flHo4)aHTOB anajiHS OKaaajica ocHOBHbiM 
HHCTpyivieHTOB a pemeHHH aa^anH B.B.KosjiOBa 06 ocii;HJiJiaii;HH HHTerpajia ycjiOBHonepHo;i;HHecKOH 
4)yHKii;HH. 3toh aa^ane nocBamen nyHKT [TT] HacToamero oSaopa. 

B flo6aBjieHHH (nvHKTfTSl) mbi xotcjih ynoManyTb pa^ yTBepjK^eHHH a TeopeM, HMeiomax OTHomeHae 
K aeKOTopbiM saTpoayTbiM BoapocaM a ax pasBaTaio. 3to, BO-aepBbix, peayjibTaTbi, KOTopbie 
aojiyaaiOTca c aoMombio oparaaajibaoro MeTO^a, apeflJio>Keaaoro ae^abao lO-HepecoM a B.IIIjiaroM 
|117| . Bo-BTopbix, 3T0 ocHOBHbie aoHaTas a aeKOTopbie peayjibTaTbi Teopaa Bbiarpbimnbix MHOJKecTB, 
aocTpoeHHoa B.M.IIlMaflTOM |126| . 

HeKOTopbie Boapocbi, saTpoayTbie b HacToaia;ea CTaTbe (paBHO KaK a MHorae ;i;pyrae peayjibTaTbi 
Teopaa flao(|)aaTOBbix apa5jia>Keaaa) aamjia CBoe OTpa>Keaae b saivieaaTejibaoM oSaope M.BajibflaiMa^Ta 
|139| . BoapocaM Teopaa flao(J)aaTOBbix apaSjiajKeaaii aocaanteabi CTaamae KjiaccaaecKaMa Moaorpa(|)aa 
/IjK.O.KoKCMbi [M], ;];>K.B.C.Kaccejica [22] a B.M.IIIaMflTa [T83] . 

KpoMe aepeHacjiennbix Bbime, b HacToaia;eM oSaope saTpoayTbi a aeKOTopbie ^pyrae 3a;i;aHa. 
3to, naapaMep, aa^ana o flao4)aHTOBbix apaSjiajKeaaax c aojioacaTejibabiMa nacjiaivia (ayaKT [TOll 
a apoSjieMbi cyntecTBOBaaaa MaTpan, c apesBbiaaaao caayrjiapabiMa flao4)aaTOBbiMa CBoacTaaMa 
(ayaKT [ED. 

Abtop caaTaeT caoea apaaTaoa oSaaaaaocTbio ao6jiaroflapTb acex yaacTaaKoa TeopeTaKO-aacjiOBbix 
ceMaaapoB a caea;KypcoB MexaaaKO-MaTeiviaTaHecKoro 4)aKyjibTeTa MFY a HeaaBacaMoro mockobckofo 
yaaBepcaTeia 3a MaoroHacjieaabie oGcyjKfleaaa aaflan a TeopeM aa HacToaai;ero oSaopa. B ocoSeaaocTa 
aBTop Sjiaroflapea H.n.Poaeay a O.H.FepMaay. 



1 BoKpyr onpe^ejienna CHHryjiapnon CHCxeMbi. 

Bcio;i;y aajKe x = (xi, x^) oSoaaanaeT a;ejiOHacjieBBbia BeKTop. Mepea | ■ 1 1 oSoaaaneao paccToaaae 
flo 6jia>Kaamero aejioro aacjia. PaccMaTpaBaeTca MaTpaa,a 



= , (1) 




cocToaataa aa aemecTBeaabix aaceji 9j, 1 ^ j ^ n, 1 ^ i ^ m, a cooTBeTCTByioataa ea cacTeMa 
jiaaeaabix 4)opM 

m 

L(x) = Le(x) = {L,(x), l^j^n}, L,(x) = ^^}x,. (2) 

i=l 

Mepea 'O 5yfleM oSoaaanaTb MaTpaa;y, TpaacaoaapoBaHHyio k MaTpaa;e 0. 

CorjiacBO apaBa;Bay ^apaxjie ji^jisi jnoSoii MaTpaa;bi G a apa jiioSom Beai;ecTBeBBOM t ^ 1 cacTeMa 
flao(J)aaTOBbix aepaaeacTB 

max ||Lj(x)|| ^ -, < max \xi\ ^ t™ 
aMeeT a;ejiOHacjieBBoe peiaeaae x G Z™. 

1.1 Onpe^ejieHHe XnHHHHa 

Caaaajia mm c4)opMyjiapyeM oape^ejieaae caaryjiapaoa cacTeMbi aMeaao b tom aa^e, b KaKOM ero 
;i;aBaji A.5I.XaBMaB (cm. [65]). MaTpaa;a G (ajia, KaK aacaji caM A.5I.XaBHaB, aaSop BemecTBeaabix 
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HHceji 6j, 1 ^ i ^ m, 1 ^ j ^ n) npe;],CTaBjiaeT h3 ce6a cumyjinpHyK) cucmeMy ecjin npn jiioSom 
BemecTBeHHOM e > HaH;i;eTca neKOTopoe to = to(^) TaKoe, hto npn bc5ikom t ^ to cncTeivia 

;i;HO(i)aHTOBbIX HepaBGHCTB 

1 11 ri_ 

max ||L,-(x)|| ^ -, < max \xi\ < et-^ 

HMeeT ii;ejiOMHCJieHHoe pemenHe x G Z™. 

OTMeTHM, HTO MaTpHii;y B, He aBJiaiomyioca CHHryjiapnoH, A. 51. Xhhhhh HasbiBaji pezyAnpnou 
(oh HCH0Jib30Baji TepMHHOJiorHK) pezyjiHpuaH cucmeMa ^nceji 6j,l ^ i ^ m, 1 ^ j ^n). 

TaKHM o5pa30M, MaTpHn,a HBjiaeTCH peryjiapHoii ecjiH HaH^eTca HOJioJKHTejibHoe fi{Q) TaKoe, 

HTO J^JlSi HeKOTOpOH HOCJie^OBaTejIbHOCTH HOJIOJKHTGJIbHblX HHCGJI t^, CTpeM5IHi;eHC5I K SeCKOHGHHOCTH, 

B oSjiacTax npocTpancTBa M", sa^aBaeivibix HepaBencTBaMH 

max ||/^j(x)|| ^ ^1^^ < max \xi\ ^ /i(0) ■ t^" (3) 

OTcyTCTByiOT nenyjieBbie n,ejibie to^kh. 

B 9T0H CTaTbe Mbi Sy^eM HcnojibsoBaTb, b ochobhom, MaTpHnnyio TepMHHOJiorHio. TeM ne Menee, 
HHor^a y^oSno ynoTpeSjiHTb noHHTHe CHHryjiapnoH CHCTeMbi BemecTBennbix ^Hceji. 



1.2 TeopeMbi cymecTBOBaHHa. 

HpH n = m = 1, KaK jierKO bh^gtb, CHnryjiapHbiMH CHCTeMaMH b CMbicjie onpeflejienHa XHHHHna 
HBjifliOTCfl TOJibKO pan,HOHajibHbie HHCJia 6\ (sto yTBepjKflenHe mm npoKOMMeHTHpyeM HH>Ke b nynKie 
13.11) . BnepBbie cymecTBOBaHHe CHHryjiapnbix CHCTeivi 5biJio flOKaaano A. 51. XnHHHHbiM b 1924 ro^y 
B paSoTe [60] npn m = 2,n = 1 h npn m = l,n = 2. S^ecb mm npHBe^eM (|)opMyjiHpoBKH 
cooTBGTCTByiomHx yTBepjKfleHHH (Hilfssatz I H Satz 2 h3 [60], cm. TaKJKe KHHry [22], rji. V, TeopeMa 
XIV). 

TeopeMa 1. nycmt ip{t) noAOCHCumeAbHaji, HenpepuenaH, y6u6aio'UJ^aH k nyjiw npu t — » +oo 
(pyuK'nuH eemecmeeHHOso nepeMeuHozo t. Tosda cymecmeywm dea ./luneuHO neaaeucuMux eMecme 
c eduHuv^eu Had Z eemecmeeHHUx Hucaa 0^,6"^, manue umo d./isi Kaotcdozo docmamouHO 6oAbuwso t 
cucmeMa duo(paHmoeux HepaecHcme 

\\xi9'^ + X20^\\ < ipit), 0<maxbJ<t 

j=l,2 

UMeem v^ejioHucjieHHoe pemenue {xi,X2) G Z^. 

TeopeMa 2. IJycmb ip{t) noAootcumeAhuaH, HenpepuenaH, ydueatomaH k nyAW npu t +oo 
(pyHKUfUH eeiu^ecmeennoso nepeMcnnozo t, u nycmh (pynKU,UH t ^-^ tip{t) Monomonno eoapacmaem k 
6ecK0HeHH0cmu npu t +oo. Tozda cymecmeywm dea Auneuno nesaeucuMux eMecme c edunu%eu 
Had Z eemecmecHHUx nucAa 61,62, manue umo Bah KacHcdoso docmamoHHO doAtmozo t cucmeMa 
duo(f}aHmoeux nepaeencme 

max 1 1x6*^1 1 < '?/'(t), 0<x<t 

paapemuMa e x G Z. 

HTaK, B cjiynae m = 2, n = 1 TeopeMa [T] ycTanaBJinBaeT cymecTBOBaHHe CHnryjiapHbix cncTeM 
c cooTBeTCTByioineH 4)yHKii;HeH ^(t), ckojib yro^HO 6biCTpo CTpeMainefica k nyjiio. B cjiynae m = 
l,n = 2 TeopeMa [2] ycTanaBjiHBaeT cymecTBOBanHe CHnryjiapHbix CHCTeM TOJibKO b cjiy^ae, Kor^a 
cooTBeTCTByiomaa (J)yHKn,HH t 1-^ tV'(^) mohotohho BoapacTaeT k SecKone^HOCTH. 
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B CBH3H c 3THM yMGCTHO cjieflyiomee onpe^ejieHHe. HycTb nenpepbiBHaa (J)yHKn,Hfl "fpii) mohotohho 
ySbiBaeT k nyjiio npn t — > +00 h ■ip{t) = o(t~^), t — > +00. MaTpHii;y G (hjih naSop mn BemecTBeHHbix 
HHceji) Mbi Sy^eM nasbiBaTb ip-cuHsy./iJipHUM ecjin npn bc5ikom ;i;ocTaTOHHO SojibinoM t CHCTeivia 

flHO(J)aHTOBbIX HepaBGHCTB 

max ||L,-(x)|| ^ ipit), < max \xi\ < t 

HMeeT n,ejio^HCJieHHoe pemenHe x G Z™. 

C4)opMyjiHpoBaHHaa Bbime TeopeMa [U nenocpe^CTBeHHO oSoSmaeica na cjiyMaii npoHSBOJibHoii 
pasMepnocTH cjie^yiomHM o6pa30M. 

TeopeMa 3. Uycmti n - npouseoAbuoe HamypajihHoe hucjio, am - uamypaAbHoe hucao, ne Meuhmee, 
HCM 2. Uycmti ip{t) noAOMCumeAhuaH, Henpepuenan, y6uea'K)maH k uyAto npu t +00 (pyHKn,UH 
eeui^ecmeeHHOzo nepejueHHOso t. PaccMompuM MHOCHcecmeo Ai C M™", cocmosiui,ee us Mampuv, 6, 
manux nmo 

• HUCAQ 6 J, 1 ^ i ^ m, 1 ^ j ^ n auheuho nesaeucuMU eMecme c edunwueu Had Z, 

• Mampuii,a G mAmmcH ip-cumyAsipHou. 

Tosda dAH ah)6ozo ompumozo MHOotcecmea Q C M™" nepeceuenue A4 H Q UMeem MOtuHocmt 
KOHmunyyM. 

Otmcthm, ^to npn m = 1 ^ejio oSctoht necKOJibKO no flpyroMy. HiaK, nycTb m = 1, h = 
ecTb HeKOTopbiH naSop BemecTBennbix hhcgji . YcjiOBHivicfl oSosHanaTb nepea dim^G 
MaKCHMajibHO BOSMOJKHoe KOJiHHecTBO jiHHeHHO HesaBHCHMbix Ha^i; Z HHceji H3 HaSopa 1. 
C4)opMyjiHpyeM o5o5iii;eHHe TeopeMbi [2l 

TeopeMa 4. Ilycmh m = 1 u n 2. 

(i) Uycmb ip{t) noAOMCumeAtHaH, HenpepuenaH, y6ueaiow^aH k uyAW npu t +00 (fiyHKU,UH 
eeuj,ecmeeHHOso nepeMeuHoso t, npuneM 

lim il){t) ■ t = +00. (4) 
t— +00 

PaccMompuM MHOMcecmeo ^A. <Z Ha6opoe eevj,ecmeeHHUx hucca 6 = {9j, 1 ^ j ^ n}, 
maKux Hmo 

• dim^O = n + 1, 

• cucmeMa 6 fieAfiemcH i/j-cumyAMpnou. 

Tosda dAH aio6o20 ompumozo MHOofcecmea Q C nepecenenue Ai Ci Q UMeem Moui^Hocmb 
KonmunyyM. 

(ii) Uycmh 2, u dAH noAOCHCumeAbHOSHaHHOu (pyHKU,uu ipit) eunoAHeno 

limsup'?/'(t) ■ it < +CX). (5) 

t— >+oo 

Tozda, ecAU Ha6op O = {^1, 6^] npedcmaeAHem U3 cedn ip-cuHzyAHpHyw cucmejuy, mo dim^© ^ 2. 
EoAee mo20, ecAU 

lim sup ipit) ■ t = 0, (6) 

t— >+oo 

mo dimz0 = 1, mo ecmb ece HUCAa 6j, 1 ^ j ^ n cymb pau^uonaAbHue. 

TeopeMa [2] h nacTb (i) TeopeMbi [4] HMeiOTca y B.5IpHHKa |56| . nacTHbin cjiy^an paccMOTpen 
y K.IIIaSoTH h E.JIiotii; p4j. OTMeTHM, hto B.5Iphhk (J)opMyjiHpyeT h flOKasbiBaeT necKOJibKO 
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Sojiee CHjibHbiii peayjibTaT: cymecTBOBanHe MaTpHn, 0, cocTOflmHx h3 BemecTBennbix ^Hceji 9j, 
a./ise6pauHecKU neaaBHCHMbix b coBOKynnocTH. 

yTBepjK^ieHHe (ii) TeopeMbi[4]oHeBH;i;HbiM oSpaaoM BbiTCKaeT h3 cjie;i;cTBHa 5 nyHKTa [4?n KOTopoe 
TO>Ke npHHa^JiejKHT B.5IpHHKy (cm. |51| h |56|). peayjibTaT b npe^nojioJKGHHH (l6j) MrnoBeHHO 
nojiynaeTCfl h3 cjie^CTBHa 1 nynKTa I4.1[ TaKHM oSpaaoM, b cjiy^ae m = 1, n ^ 2 npn ycjiOBHH 
([5]) HeTpHBHajibHbix CHHryjiapHbix chctgm ne cymecTByeT. 

TeopeMa [4] ;i;onycKaeT neKOTopoe yTOHHeHne, nivieiomeeca y >K.JlecKa |87| . 

TeopeMa 5. (>K.JlecKa [87]) Ilycmb m = 1 u n ^ 2. nycmt il){t) noAOMCumeji'bHaH, Henpepuenan, 
y6uea'K)maM k HyAW npu t — > +oo (f)yHKii,UM eew^ecmeeHHOzo nepeMeuHozo t, u 

lim sup ip{t) ■ t = +00. 

t—*oo 

Tozda MHOCHcecmeo ip-cumyAsipHux Ha6opoe 6 = {6j, 1 ^ j ^ n}, cocmofiui^ee U3 aji2e6pauHecKU 
HeaaeucuMUX eew^ecmeHHUx Huceji e nepeceneHuu c npouaeoAbuuM ompumuM MHOotcecmeoM Q C 
M" UMcem MOW^HOcmh KOHmunyyM. 

TeopeMy [5] yiviecTHO conocTaBHTb c (J)opMyjiOH B.5IpHHKa f l53p h c TeopeMofi [17] h3 nynKTa I4.1[ 
Otmcthm, hto >K.JlecKa b [88] nojiynnji p-a^nnecKHH BapnanT TeopeMbi [3l 
npHBe;i;eM Teopeiviy cymecTBOBaHna, ;i;oKa3aHHyio A.An(J)ejib6eK0M [4J: 

TeopeMa 6. (A.An(|)ejib5eK [4]) nycmt n,m ^ 2. Uycmb MonomoHHO y6ueaioiu,aH k uyAW HenpepuenaH 
^yHKV^UM il){t) maKoea, umo (pyHKV,UH t i— ^ tilj{t) mocHce y6ueaem. Tosda naudemcH ip-cumyAnpnaH 
Mampuii,a 9, cocmoMUi,aM us AuneuHO nesaeucuMUX eMecme c eduHuii,eu nad Z hucca 9^ maKan 
umo Mampun,a ^ mootce ip-cumyAHpna. 

Ha caMOM ^ejie y A.An(|)ejib5eKa ycjiOBne jinneHHoii neaaBHCHMOCTH necKOJibKO cjia5ee, hgm b 
C(J)opMyjiHpoBaHHOH TeopeMe[6l YcjiOBHe mohotohhocth (|)yHKn,HH t i— ^ tijjit) ne HBjiHeTCH npHHn,HnHajibHbiM. 

Hcnojib30BaHHe b onpeflejieHHH CHHryjiapHoii CHCTeivibi npnjiaraTejibHoro "cHHryjiapHbiii" oSijacHaeTca 
TGM, HTO TaKHe CHCTeMbi npH KajKflOM SHaneEHH pasMepHOCTefi m, n, KaK OTMenaji caivi A. 51. Xhhhhh 
(cm. |65|). o6pa3yiOT MHOJKecTBO nyjieBoii Mcpbi Jle6era. 3tot (J)aKT CBaaan c npocTbiM npHMeneHHeM 
jiCMMbi Bopejifl-KaHTejiJiH. Ho^poSHoe ^OKaaaTejibCTBO mojkho nanTH b rji.V, §7 KHnrn |22| . Bojiee 
CHjibHbiH peayjibTaT Smji nojiynen r.^aBennopTOM h B.M.IIImh^tom |31| . Mm oScy^HM ero HHJKe b 
nyHKTC 17. 1[ 



1.3 CnHryjiapHbie CHCTeMbi h HanjiyHniHe npH6jiH»:eHH5i. 

JXjIH HejIOHHCJICHHOrO BCKTOpa X = (Xi, G paCCMOTpHM BejIHMHHbl 

M(x) = max \xi\^ C(x) = max ||Lj(x)||. 

Mbi 5y;i;eM naabiBaTb ii;ejiOHHCJieHHyio TOHKy x = (xi,...,Xm) HauAynuiuM npudAuotcenueM ^Jia 
MaTpHii;bi B ecjiH 

C(x) = minC(xO, (7) 

x' 

r;i;e MHHHMyM SepcTca no bccm nenyjieBbiM n;ejibiM TOHKaM x' = (x'^,...,x^) G Z™, no^^HnnennbiM 
ycjiOBnio 

< Af (x') ^ M(x). (8) 

Hpn TaKOM onpeflejiennn OKasbiBaeTca, hto nanjiynmne npH5jiH>KenHfl Sy^yT BCTpenaTbca napaMn: 
BMCCTC c KajKflOH TOHKOH X, HBjiaioin,eHca nanjiynmnM npn5jiH>KenHeM, nanjiynmnM npn5jiH>KenHeM 
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SyflGT TaKJKe TO^Ka — x. O^naKO, ecjiH paccMOTpeTb TaKyio napy nanjiy^inHx npH6jiH>KeHHH ±x, to 
j^jisi Hee BejiHHHHbi M(x) h ({x.) 6y;i;yT onpe^ejiaTbca o;i;H03HaHHO h beg aaBHCHMOCTH ot BbiSopa 
3HaKa ±. 

OTMeTHM cjie^yiomee. BooSme roBopa, mokgt OKaaaTbca hto ^Jia ^Byx n,ejio^HCJieHHbix TO^eK 
Xi 7^ ±X2 c o^HHaKOBbiM 3Ha^eHHeM M(xi) = M(x2) 7^ BbinojinaeTca 



max ||Lj(xij 



max ||Lj(x2) 



(9) 



Ho ecjiH, nanpHMep, npe^nojiojKHTb, hto Bce nncjia 9j, 1 ^ i ^ m, 1 ^ j ^ n jiHHeliHO neaaBHCHMbi 
BMecTe c eflHHHn,eH na^ Z, to paBencTBO ([9]) HeBOSMOJKHO. TaKHM o6pa30M, b cjiy^ae, Kor^a Bce 
HHCJia 9j, 1 ^ i ^ m, 1 ^ j ^ n jiHHeiiHO neaaBHCHMbi BMecTe c e^HBHiten na^ Z, Hanjiy^niHe 
npnSjiHJKeHHa mojkho nepenyMepoBaTb h pacnojiojKHTb b BH;i;e SecKoneHHOH nocjie;i;oBaTejibHOCTH 



±Xi, ±X2, 



(10) 

(11) 



TaK, HT06bI 

M(xi) < M(x2) < ... < M(x^) < M(x^+i) < 

C(xi) > C(X2) > ... > C(X^) > C(x^+l) > •••• 
KpaTKOCTH Mbl 6Y^,eM HCnOJIb30BaTb 0603Ha^eHHfl 

Hnor^a b ^ajibHeHineM HaM npH^eTca HMeTb ^ejio c HaHjiy^niHMH npHSjiHJKeHHsiMH ^jih MaTpHn,bi 
0, He yflOBjieTBopfliomnx ycjiOBHio jiHHeiiHOH He3aBHCHM0CTH. B stom cjiynae mm ne MO>KeM onpe^ejiHTb 
nocjie^OBaTejibHOCTb tohgk 0flH03HaHH0. TeM ne Menee, nocjie^OBaTejibHOCTH ( 110|lip bcjih^hh 
M(xj,), (^(xj,) o;i;H03HaHHO onpe^ejiaiOTca (tojibko KajK;i;oMy h3 3HaHeHHH M(xj,), (^(x,^), BOoSine- 

rOBOpa, MOJKGT COOTBGTCTBOBaTb HGCKOJIbKO nap Ii;ejIOHHCJieHHbIX TOHGK ±Xj, H nOCJie^OBaTejIbHOCTH, 

BOoSme-roBopa, MoryT 6biTb KonenHbiMH). 

B CBa3H CO CKa3aHHbiM Bbime mm ^aeM cjie^yiomee onpe^ejienHe. MaTpHn,y mm Gy^eM Ha3biBaTb 
npaeuAhHou, ecjiH nocjie^OBaTejibnocTH pO|lip GecKOHe^Hbi, h ^jih KajK^oro ^ocTaTO^HO 6ojibmoro 
3HaMeHHa u BeKTopbi Xj, onpeflejienbi o;i;H03HaHHO c TOMHOCTbio flo 3HaKa. 

Haflo c;i;ejiaTb eiii;e o^ho 3aMeHaHHe. Onpe^ejinM e;i;HHHHHbie BeKTopbi 



\0j 

( y fc-Toro BGKTopa eflPiHPin,a ctoht na fc-TOM mgctg, ocTajibHbie KOMnoneHTbi paBHbi nyjiio) h paccMOTpHM 
B Ha6op, cocToamHH us m + n bgktopob 



(12) 



(3;i;ecb 6^ o6o3HaHaaeT j'-tmh ctojiSgii; MaTppHii;bi 0). JlerKO BH;i;eTb, mto nocjie;i;oBaTejibHOCTH 
HaHJiyHinnx npnGjiHJKeHHH (llOlllip aBJiaiOTca SecKoneMEbiMH b tom h tojibko tom cjiynae, Kor^a 
naSop BGKTopoB (fT2|) sBJiaeTca jiHHeflHO He3aBHCHMbiM na^ Z. B 3tom cjiynae B.51pHHK npe;i;jiaraji 
roBopHTb, HTO MaTpHn,a sBjiaeTca neeupocncdeHHOU (b HacToameii CTaTbe mm tojkg Sy^eM Hcnojib30BaTb 
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3Ty TepMHHOJiorHK)). B npoTHBHOM cjiynae nocjie;],OBaTejibHOCTH pO|lip Sy^yT KonenHbiMH, h ^jih 
nocjie^Hero SHaneHHa HH^eKca u 6yfleT BbinojiHeno Ci^ = 0. 

EcjiH xoTa 5bi o;i;ho h3 hhcgji m hjih n paBHO eflHHHii;e, to MaTpHii;a G npe^CTaBJiaeT h3 ce5a 
OflHH CT0Ji6en, hjih o^ny CTpoKy h MOJKeT SbiTb OTO>KflecTBjieHa npocTO c naSopoM h3 m hjih n 
BemecTBeHHbix hhcgji, h mojkho roBopHTb o BejiHHHHe dim^B, KaK o xapaKTepncTHKe SToro naSopa 
BemecTBeHHbix hhcgji. Hmghho b btom CMbicjie oGoaHaneHHe dim^G ynoTpeGjiajiocb b TeopeMe [H B 
3T0M >Ke CMbicjie 3T0 o5o3HaHeHHe HaM nonafloSHTca h b ;i;aj[bHeHmeM. B nacTHOCTH, nojiynaeTca, 
HTO jiflu MaTpHii;bi B BejiHHHHa dim^B onpeflejiena tojibko npn m = 1 hjih n = 1. Hanpniviep, npn 
m = 1 neBbipojKfleHHOCTb MaTpHii;bi B oanaHaeT, hto xots 6bi o;i;ho h3 hhcgji 6j = 6j aBJiaeTca 
Hppan,HOHajibHbiM, to ecTb dim^B ^ 2. HpH n = 1 HeBbipo>K^eHHOCTb MaTpHn,bi B oananaeT, hto 
HHCJia 1, dl, ...,6'™ jiHHeHHHO HeaaBHCHMbi na^ Z, to ecTb dim^B = m + 1. 

HaM noHaflo5HTC5i eme o;i;Ha xapaKTepncTHKa HeaaBHCHMOCTH. ^Jia MaTpHii;bi B nepea DIM^B 
oSoanaHHM MaKcniviajibHoe KOJinnecTBO bgktopob h3 naSopa (|T2ll TaKHx, hto ohh jtHHenno neaaBHCHMbi 
Hafl Z. BnflHM, HTO npn n = 1 Bcer;i;a BbinojiHeno 

DIMzB = dimzB, (13) 

a npn m = 1 BejiHHHHa DIM^B mojkgt HpnHHMaTb TOJibKO ^,BaL ananeHHa n h n + 1. B HOCJieflneM 
cjiynae bmgcto paBencTBa psp . ecTecTBenHO, hmgct mgcto paneHCTBO 



DIM*^ = dim^^, (14) 

5ICH0, HTO flJia HpOHSBOJIbHOH MaTpHn,y B HMeiOT MeCTO HepaBGHCTBa 

n ^ DIMzB ^ n + m. (15) 
HeBbipojK;i;eHHOCb MaTpHii;bi B 3KBHBajieHTHa paBencTBy 

DIM^B = m + n. 

IloacHHM BaaHMOCBaab uemjiy HpaBHjibHOCTbio h HeBbipojK^eHHOCTbio MaTpHn,bi B. Ecjih m = 1 
HJIH n = 1, TO Ha HeBbipo>K^eHHOCTH cjie^yeT npaBHjibHOCTb. B ^pyrnx cjiy^aax 3to neBepno. 
ripHBe^eM npHMep. 

PaccMOTpHM Hppaii;HOHaj[bHoe hhcjio C,- IlycTb m = n = 2 n MaTpHii;a B HivieeT bh^ 



B 

Tor^a 



01 el\^(^ 
01 01 I e 



DIM/B = DIMz 'B = 4, 



H MaTpHn,a aBjiaeTca neBbipojK^eHHOH. Ho, KaK jierKO bh^gtb, Ka>K^OMy aHaneHHio z/ cooTBCTCBTyiOT 

BGKTOpbl 

{Mu^Mv), (igi.,0), (o,±g^) 

(r;i;e qi, ecTb anaMeHaTejib neKOTopoii noflxoflainefi k ^ ;i;po6h), c OflnnaKOBbiMH anaHeHHaMH bgjihhhh 
Mjj, Cv OflHaKO, naSop BemecTBennbix hhcgji 1, ^j, 1 ^ j ^ 2 jiHHeiiHO aaBHCHM na^ Z, HOCKOJibKy 
cpeflH HHceji ^* HMeiOTca nyjiH. 

HpoflOJiJKHM anajina nonaTHa HaHJiyHinero npnSjiHJKeHHa. OSoananHM nepea = {yi^u, ■■■,yn,u) G 
Z" ii;ej[OHHCj[eHHbiH bgktop, cocToamHH na hhcgji yj^,^ TaKHx, hto 

||Lj(x^)|| = |Lj(x^) + yj^^\. 
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HaM nona^oSHTCfl oSoaHaneHHe 

Ziy = {Xi^p, Xm,vi yi,Vi ■■■1 yn,u) ^ ^'^^ d = m -\- Tl 

fljia "pacmnpeHHoro" BCKTopa nanjiy^inHx npnGjiHJKeHHH. 
To, HTO "pacniHpeHHbiH" BeKTop 

Z = (Xi, Xm, Un) 

aBJiaeTca HaHJiyninHM npH6jiH>KeHHeM, b nacTHOCTH, osHanaeT, hto BnyTpn napajijiejiennne^a 

{z = (x'l, ...,?/^;,) : M(x') ^ M(x), max |Lj(x') + ?/^.| ^ max |Lj(x) + (16) 

HGT flpyrHx n,ejibix to^gk KpoMe 0. Bojiee Toro, BHyipH napajiJiejienHne^OB BH^a 
{z' = (x;, ...,!/;) : M(x') ^ M(x,+i), max |L,(x)+y;| ^ C. = max |L,(x,)+y,- ,|} (17) 

HGT flpyrHx n,ejibix tohck KpoMe 0. OTCiOfla no TeopeMe MnnKOBCKoro o BbinyKjiOM Tejie nojiynaeM, 

HTO 

CM- 1 ^ 1. (18) 

KpoMe Toro, otmgthm ^Ba npocTbix h BajKHbix CBOiicTBa. 

1. KajK^ibiH pacniHpeHHbiH bgktop t.^, sBJiaeTca npuMumueHUM, to ecTb 

H.O.fl.(Xl^l/, l/n,i^) — 1- 

2. Jlio6bie ;i;Ba nocjie;i;oBaTejibHbix BCKTopa HaHJiyHinnx npnSjiHJKeHHH z^, Zj^+i ;i;onojiHHMbi flo 
6a3Hca pemeTKH Z'^. 

Cbohctbo MaTpHn,bi B 5biTb CHHryjiapnoii JierKO mojkgt SbiTb nepe4)opMyjiHpoBaHO na asbiKe 

HaHJiyniUHX npH5jIH>KeHHH. 

IIpefljioaceHHe 1. IJycmb Bah uenpepueHou u mohoitiohhou 4>y'HKii,uu ip{t) eunoAHeno %l){t) = 
o(t^™/") npu t +00. HeeupocHcdeHHan Mampuii,a G neAHemcH ip-cumyAHpHou mosda u moAtKO 
mozda, Kozda Sam ecex docmamouHO 6oAbuiux SHaueHuu v eunoAHMemcM 

C ^ V'(M,+i). (19) 

Cbasb CBOHCTBa CHCTeivibi BemecTBeHHbix hhcgji 6biTb CHHryjiapnoH c nonaTHeivi HaHJiyHinnx 
npHSjiHJKeHHH B pa5oTax A.51.XHHnHHa aBHO ne OTMenajiacb. 3Ta CBasb neaBHO HcnojibsyeTca b 
pa5oTax B.5IpHHKa h b KHHre /^>K.B.C.Kaccejica [22]. B nacTHOCTH, y B.5IpHHKa (cm. [5T].[53].|55).[56]) 
HcnojibsyeTca KycoHHO-nocToaHnaa (|)yHKii;Ha 

iheit) = min max ||Li(x)||, (20) 

a B KHHre [22] b pa^e ^OKaaaTejibCTB (cm. [22], rji. V, §§6,7) HCHOJibsycTca (J)yHKn,Ha 

riip) = min max ||L,(x)||. 

ToHKH paapbiBa sthx 4)yHKn;HH (J)aKTHHecKH onpe^ejiaiOT HanjiyHmne npHSjiH^Kenna (y B.51pHHKa 
B sup-HopMC, KaK 3T0 cflCJiaHO B HacToain;eH CTaTbe, a y ^jK.B.C.Kaccejica b eBKJinflOBOH nopMc). 

SaMCTHM, naKonen,, nTO MaTpHn,a neBbipojK^ena Tor^a n TOJibKO Tor^a, Kor^a 4)ynKn,Ha ipeii) 
nHKor^a ne oSpamacTca b nojin npn t ^ 1. HeBbipo>Kflennaa MaTpnn,a anjiacTca ^/'-cnnryjiapnoii 
ecjiH n TOJibKO ecjiH npn ncex ^ocTaTonno Sojibmnx ananennax t ^jia (J)ynKn,nn 51pnnKa (I20p Bbinojineno 
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2 IIo^npocTpaHCTBa, nopo:ac^eHHbie HaHjiynrnHMH 
npH6jiH:>KeHHaMH 

B 3T0M nyHKTe Mbi oScy^HM CBOHCTBa jiHHeHHbix noflnpocTpancTB b M*^, b KOTopbix co^epjKaTCH 
BCKTopbi HaHjiy^niHx npnGjiHJKeHHH z^. 

2.1 Oi],eHKH pasMepHOCTeii 

rio^i; pasMepHOCTbio dim A pemeTKH A mm Sy^eM noflpaayivieBaTb pasMepnocTb MHHHMajibHoro jiHHeHHoro 
no^npocTpancTBa span A C M'^, co^epjKamero pemeTKy A. PaccMOTpHM b npocTpancTBe jiHHeiiHoe 
no^npocTpancTBO n. HepeceHeHHe vr fl Z'^ npe^CTaBjiaeT h3 ce6a neKOTopyio pemeTKy A = A(7r) 
(bo3mojkho cocToamyio h3 oflHOH TOHKH 0). IloflnpocTpaHCTBO TT C M'^ Mbi 6yfleM HasbiBaTb enoAHe 

paV^UOHaAbHUM, eCJIH 

dim 77 = dimA(7r). 

/^ajiee, ^Jia ^anHoro jiHHeiiHoro no^npocTpancTBa vr onpe^ejiHM i3(vr) KaK MaKCHMajibHoe Bnojine 
paii;HOHajibHoe no;i;npocTpaHCTBO, codepMcaw^eecH b tt. Onpe;i;ejiHM TaKJKe 9^(7r) KaK MHHHMajibHoe 
BnojiHe panHonajibHoe no;i;npocTpaHCTBO, codepcHcaui,ee no;i;npocTpaHCTBO tt. HivieeM 

i3(7r) C TT C 9^(7r). 

OnpeflejiHM Tenepb BeKTopbi 

^, = (^h-,r,0,..., 0,1,0,...,!), l^^^n 

(eflHHHn,a a^ecb ctoht na m + z-tom MecTe) . 

PaccMOTpHM B R'^, d = m+n jiHneHHoe no^npocTpancTBO A/'(0), HaTanyToe na BeKTopbi 6i, ...,6m, 
H opToroHajibHoe ;i;onojiHeHHe k neiviy C{Q). Bh^hm, hto 

dimA/'(0) = n, dim £(6) = m. 

PaccMOTpHM Tenepb no^npocTpancTna 

9)e = S){cm, = ^(/:(e)). 

Bh^Ihm, hto 

DIMzO + dimiOe = rf, DIMz'e = dimlHe. (21) 

B nacTHOCTH, HeBbipojK;i;eHHOCTb MaTpHn;bi G, corjiacno nepsoMy na nepaBencTB (l2Tl) . paBHOcnjibna 
ycjiOBHK) i^e = {0}. 

Cjie^yiomee yTBep>Kflenne o6n],en3BecTno. Ono (J)aKTnnecKn ^OKaaano B.5IpnnK0M b |55| . Cjiynaii 
m = 1 ecTb y /I>K.Jlarapnaca |86) . Cjiynaii m = 2,n = 1 nivieeTca y F./JaBennopTa n B.M.IIlMHflTa 
B [2^. (cm. TaKJKe paSoTbi aBTopa [98],[105j). 

^jia npaBHJibHOH MaTpHn;bi paccMOTpnM BejiH^nny 

i?(6) = min{r : nan^^eTca no;i;pemeTKa A C Z""'"™,dimA = vhuq eN TaKne, hto Zj, G A Vz/ ^ Uq}. 

IlycTb Ae ecTb nMenno Ta pemeTKa, KOTopaa (|)nrypnpyeT b onpe^ejiennn nejinnnnni -R(0) n Tre = 
spanAe. HojiOKnM 

K{Q) = dim(7re n £(0)) ^ 1. (22) 

Hocjie^nee nepanencTBO HMeeT MecTO nocTOJibKy, nocKOJibKy neKTopbi nanjiynmnx npn5jin>KennH, 
jie»can],ne b noflnpocTpancTne vre npnSjiniKaiOTca ckojib yro;],no 5jin3KO k noflnpocTpancTny 
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TeopeMa 7. J],ah npaeuAtHou Mampuv^u eunoAHnemcH 

(i) 2 ^ i?(e) ^ DIMz'e; 

(ii) ecAu m = 1, mo i?(6) = DIM^^O = dimzQ; 

(iii) ecAU m> n, mo -R(0) ^ 3; 

(iv) ecAU K{Q) = 1 u R{Q) > 2, mo m < n. 

IToHCHHM flOKaaaTejibCTBa HepaBencTB TeopeMbi [71 

1. Hhjkhhh on,eHKa yTBep>K;],eHHfl (i) CJle^yeT h3 jiHHeiiHOH neaaBHCHMOCTH BCKTopoB z^,z,^^i. 
^jia Toro HToSbi ;i;oKa3aTb Bepxnee HepaBencTBO h3 (i) h yTBepjKfleHne (ii) BBe;i;eM necKOJibKO 

o6o3HaHeHHH, KOTopbie noHafloSaTca ne TOJibKO ceH^ac, ho h b flajibHenmeM. 

PaccToaHHe MejK;i;y MHO»cecTBaMH A,B(ZM.'^ Sy^eM o5o3HaHaTb dist(v4, B) (naivi yfloSno CHHTaTb, 
HTO B ^aHHOM cjiy^ae HMeeTca BBH^y paccTOflHHe b sup-nopivie) . Ecjih y nac HMeeTca HeKOTopaa 
pemeTKa A C M'^, npn^eM dim A < d, to paccToanHe ot tohgk MHO>KecTBa Z'' \ A ^o jiHneHHoro 
no;i;npocTpaHCTBa span A OTflejieno ot nyjia. Ero mm 6y;i;eM o5o3HaHaTb 

p(A) = dist(Z^\A,spanA) > 0. (23) 

Ecjih tt C M'^ ecTb bhojihg paH;HOHajibHoe jinneHHoe no^npocTpaHCTBO, to 5y;i;eM o6o3HaHaTb 

p(7r) = p(7rnZ'^). (24) 

2. PlTaK, Tenepb mm mojkgm npoKOMMGHTHpoBaTb flOKa3aTejibCTBO Bepxnero HepaBencTBa yTBepjKflenHa 

(i)- 

HocKOJibKy pCiRq) > 0, HO dist(z;^, ^^e) ^ dist(zi^, C{9)) ^ 0, z/ ^ +oo, to npn Bcex ;i;ocTaTOHHO 
SojibniHx 3HaHeHHHx u nojiynaeTCfl z,y G D^e fl Z"^^, h Bce ;],0Ka3aH0. 

3. HpoKOMMeHTpHyeM flOKa3aTejibCTBO yTBep>KfleHHa (ii). SaMCTHM, ^to npn ycjiOBHH m = 1 
npocTpaHCTBO C{Q) o^HOMepno, d = m + 1. 

Ecjih dim^B = r, to bto 03HaHaeT, hto bcktop jicjkht b ncKOTopoM bhojihc paii;HOHajibHOM 
jiHHeHHOM noflnpocTpancTBe vr C M""*"^ pa3MepH0CTH r ( KOTopoe h cctb 9^e) ii ne jicjkht hh b KaKOM 
BnojiHC pan,HOHajibHOM no^npocTpancTBC MCHbineH pa3MepH0CTH. 

On,eHKa R{Q) ^ r cjie^ycT h3 Bepxnero nepaBencTBa nynKTa (i). 

Ecjih i?(6) < r, to, nocKOJibKy dist(z,^, £(6*)) ^ 0, — > +oo, nojiy^acTCsi, ^to jicjkht b 
HCKOTopoM BnojiHC paii;HOHajibHOM no;i;npocTpaHCTBe pa3MepH0CTH < r, hto HeB03M0>KH0. 
HTaK, i?(0) = r, H yTBepjK;i;eHHe (ii) flOKa3aHO. 

4. ^JiH flOKa3aTejibCTBa yTBepjKfleHHH (iii) na^o BOcnojib30BaTbCH nepaBencTBOM (118^ . h3 KOToporo 
npH m > n nojiynacM 

CuM^+i ^0, z/ ^ +00. (25) 

npeflnojio>KHB, HTO i?(0) = 2, nojiy^acM, hto b ^ByMepnoM no^npocTpancTBe tiq = spanAe (3flecb 
Ae ecTb HMCHHO Ta pemcTKa, KOTopaa (|)HrypHpyeT b onpe^ejieHHii BejiHHHHbi -R(0)) naxo^HTca 
o;i;HOMepHoe no;i;npocTpaHCTBO ttq = n£(0), ne coflepjKamee HenyjieBbix tohck pemcTKH Ae (h6o 
S^Q = {0}). Tenepb (l25ll npoTHBopennT npefljioacennio 2 , KOTopoe 6y;i;eT flOKa3ano b nynKTC [331 
(nopMa I ■ |, SyflCT nn^yitHpoBana sup-nopMoii b R'^). 

5. /Jjia flOKa3aTejibCTBa yTBep>K^eHHa (iv) na^o cnona BOcnojib30BaTbca nepabencTBOM pSI) . h3 
KOToporo npn m ^ n Sy^CT cjieflonaTb, ^to 

CM,+i^l, Vz/. 

/^ajiee, paccMOTpnM bnojine paitnonajibnoe no^npocTpancTBO vre n o^noMepnoe no^npocTpancTBO 
Iq = ttq f] C{&). no;i;npocTpaHCTBO ie ne jicjkht nn b KaKOM co6cTBennoM nnojine pan;HonajibnoM 
no;i;npocTpaHCTBe noflnpocTpancTna vre- HpHMenaa npefljioacenne 3 h3 nynKTa \4A\ nojiynacM 
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HTO ecTb npoTHBope^He. 

XoHGTca saivieTHTb, hto b nyHKTe 4 Bbime mm (J)aKTHHecKH ^OKaaajiH necKOJibKO 6ojiee o6iii;ee 
yTBepjK^ieHHe: b flonojineHHe k nyHKTy (iii) Teopeivibi [7] mm (|)0pMyjiHHpyeM cjie^yiomHH peayjibTaT. 

TeopeMa 8. nycmt 2 ^ m ^ n. Uycmb npaeuAtnaH Mampuv^a G neAHemcH ip-cumyAHpnou c 
Henomopou (fiyuKnueu ip{t) = o(t~^), t — > +oo. Tosda R{Q) ^ 3. 

B ycjiOBHax TeopeMbi[8]npH m = n ^ 2 TpeSyeTca, htoSm MaTpHii;a SbiJia CHHryjiapna b cmmcjig 
opHrHHajibHoro onpe^ejienHa A.5I.XHH^HHa, npH n > m Tpe6yeTca hghto Sojibinee. 

SaMenaHHe. Bo Bcex cjiynaax Kor^a -R(6) ^ 3 naiifleTca SecKoneHHO mhofo SHaneHHii HH^eKca 

U TaKHX, HTO BeKTOpbl HaHJiyHIUHX npnSjIHJKeHHH 

jiHHeiiHO HeaaBHCHMbi. 

KaK mm yBH^HM B cjie^yiomeM nyHKTe, no^npocTpaHCTBO vre MO>KeT hmctb Majiyio pasMepnocTb 
-R(0). TeM He Menee, TaKoe BbipojK;i;eHHe pa3MepH0CTH naKJiaflbiBaeT HHor^a flOBOJibHO jKecTKne 
ycjiOBHa Ha BJieMGHTbi MaTpHn;bi G: 

TeopeMa 9. Uycmb Mampuv^a O npaeuAbuaH. Uycmh R{&) ^ n + K{Q) — 1. Tozda Mampuv^a 
6 cocmoum U3 nuceji 6j, ceMsauHux ajize6pauHecKUM coomHomenueM cmeneHU ^ min(m, _R(0) — 
K{Q) + 1). 

TeopeMa [9] npaKTH^ecKH o^eBH^na. Ho^npocTpaHCTBO jC{Q) nopoiK^eno BeKTopaMH 



/ -1 \ 





01 



/ \ 

-1 





Of 



/ \ 





6"^ 



B HO^^HpocTpancTBe tiq HMeeTca Saanc h3 i?(G) neaaBHCHMbix ii;ejiOHHCJieHbix BeKTopoB 



Ml 



\ 



HocKOJibKy 

dim (span(7re U C{Q))) = R{Q) +m- K{Q) 

H BbinojiHeno ([22l) . to BeKTopbi u\ u^*^®) jiHHefiHO aaBHCHMbi na/i, M. Bojiee Toro, 

no;i;Ha6op 

9\...,e'^,u\...,u', r = R{Q)~K{Q) + l, l^r^n (26) 

TO>Ke cocTOHT H3 jiHHeHHO saBHCHMMx Ha^ M BeKTopoB. Ho ycjiOBHK) TeopeMM m+R(Q)—K(Q) + l ^ 
m + n. TaKHM oSpaaoM, y MaTpHii;bi pasMepa (m + n) x (m + i?(6) — K{Q) + 1), cocTaBJieHHofi h3 
KOop^IHHaT BeKTopoB (l26l) Bce MHHopbi MaKCHMajibHoro nopa^iKa abJiaiOTca nyjieBbiMH. 
TaK KaK BeKTopbi u^, ...,u^ HeaaBHCHMbi, to naH^eTca naSop HH^eKCOB 



1 ^ ii < ... < ir ^ d 
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TaKOH, ^TO 



u 



7^0. 



HaSop, cocToamHH h3 r hh^gkcob 1 ^ ii < 

HHfleKCOB, BH^a 



1,2, 



< ir ^ d flonojiHHM flo naSopa, cocToamero ms r + m 
.,m, ji, m<ji< ... < > ^ d. 



HMeeM 



-1 • • 


• 


u\ . 


■ u\ 




■■ 

■• 


■ -1 






= 




■ df 

Jr 


u] ■ 

Jr 







5IcH0, HTO H3 CTOJi6ii;oB 3Toro onpeflejiHTejia BbiGnpaeTca HenyjieBOH mhhop nopaflKa r, npn^eM 
HafifleTca TaKOBon HenyjieBOH mhhop, otjihhhmh ot npaBoro HHJKnero. TaKHM o6pa30M, paBencTBO 
HyjiK) onpe;],ejiHTejia aa^aei na sjieivieHTbi MaTpHn,bi G neTpHBHajiBHoe ajireSpan^ecKoe cooTHomeHHe 
CTeneHH ^ mm(m, r). 

Ha HyHKTa (i) Teopeivibi [7] h BToporo h3 paneHCTB (|2T]1 cpaay HOJiynaeivi 

Cjie^CTBHe 1. IJycmb Mampuii^a npaeuAbua. Tozda ecAU K{Q) = m mo ttq = 9^0 u -R(O) = 
DIMz'e. 

Ha TeopeM [7|9l h nepaBencTBa ( l22l ) nojiynaeM 
CjieflCTBHe 2. IJycmb Mampuii,a npaeujibua. Tozda 

(i) ecjiu ajieMCHmu Mampwu^u 6 aAzedpaunecKU nesaeucuMU e coeoKynnocmu, mo R(Q) ^ n + 1; 
{n)ecAU {m,n) ^ (1,1) u SAeMenmu Mampuii^u 6 aAzedpaunecKU nesaeucuMU e coeoKynnocmu, 
mo R{e) ^ 3. 

/l^jia cjiy^aa m = n ms TeopeMbi[7] (nyHKT (iv)) h TeopeMbi [9] HMeeM 
Cjie^CTBHe 3. 

(i) EcAU Sam npaeuAbuou Mampunu 6 uaeecmno, nmo m = n > 1 u R{Q) ^ n+1, mo SAeMenmu 
Mampuv^u Q aAse6pauHecKU saeucuMU. 

(ii) EcAU Jam npaeuAbuou Mampuyu Q uaeecmno, umo m = n > 1 u K{Q) = 1, mo R{Q) = 2 
u aACMeHmu Mampuii,u aAse6pauHecKU saeucuMU. 

Cjie^CTBHe 4. Ecau m = n = 2 u Mampuii,a npaeuAbua, mo 

(i) ecAU K{Q) = 1 mo i?(0) = 2; 

(ii) ecAu K{e) = 2 moiled £(0) u i?(0) = DIM^ ^0. 

B HacmHocmu, ecAU DIM^^ = 4, mo au6o R{Q) = 2, au6o R{&) = 4. 



2.2 Bi>ipo:acfleHHe pasMepnocTH, R{0) = 2 



HycTb ^ E (0, 1) ecTb HppaH;HOHajibHoe hhcjio vi py/q^^v = 1,2, 3,... - cyTb Bce HOflxoflaHi;He ;i;po6h 
K HHCJiy ^. HycTb m ^ 2,n ^ 3. Hpe^HOJiOKHM, hto sjieMenTbi 1 ^ z ^ 2, 1 ^ j ^ n CBaaanbi 
cooTHomeHHeM 



H paccMOTpHM MaTpHn,y 



e\ el ef 



6"^ 







Ol q2 nn 
fn tin 



nm 



nm 



(27) 



(28) 
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(ecjiH m = 2 B BToii MaTpHn,e ^Ba CT0Ji5n,a). Otmcthm, hto Bce sjieivieHTbi MaTpHn,bi (I28p npH 
HafljiejKaineM BbiSope BejiHHHH 6j,j = 1,2,3 MoryT Smtb jiHHeiiHO HeaaBHCHMbi BiviecTe c e^HHHi^eii 
Hafl Z H Tor;i;a 

DIM^e = DIMz 'e = m + n. 



H MaTpHn,a npaBHjibna. B to me BpeMfl ycjiOBHa (127p noKasbiBaiOT, ^to BJieivieHTbi MaTpHn,bi f l28p 
Bcer^a npeflCTaBjiHioT h3 ce6a naSop ajireSpaHnecKH saBHCHMbix hhcgji (laK hto, TeopeMa[l0l KOTopyio 
Mbi 4)opMyjiHpyeM HHJKe, corjiacyeTca c TeopeMoii [9|) . 

TeopeMa 10. Ilycmti m < n. Tosda Sam nonmu ecex Ha6opoe U3 n{m — 1) hucca {6\,0\, ...,6\), 
i = 1,3,4, ...,m marMX, umo 1/3 < e\,e\, ...,el_^ < 2/3 <el<l, 9] G (0, 1), 3 ^ i ^ m, 1 ^ j ^ n 
nocAedoeameAhHocmt eeKmopoe HauAyumux npu6AUCHceHuu Sasi Mampuv^u f2^) omAUHaemcn om 
nocAedoeameAhHocmu eenmopoe 

(p^,g^,0^^^^, i/= 1,2,3,... 

m+n—2 

He 6oAee hcm na KoneHHoe hucao moneK, u, CAedoeameAbHO -R(0) = 2. 

Cjie^CTBHe. Upu m ^ 2,n > m cymecmeywrn Mampuv^u Q, cocmonw^ue U3 aAeMewmoe 
AuneuHO neaaeucuMux eMecme c eduHuii^eu Had Z u manue, umo i?(G) = 2. 
/JoKaaaTejibCTBO TeopeMbi [TOl 
Bh^hm, hto 

max \ \p^e] + qj]\ \ = max \\{pu - QuO^^W = \{Pu - QuO^nl- 
C flpyroH CTopoHbi h3 cbohctb HenpepbiBHbix ;i;po5eH (cm. nyHKT ISTTl 4)opMyjibi (I42II43P ) nojiynaeivi 

max \\pj] + qj]\\ = |(p. - g.O^^nl < (29) 

HtoSm BCKTop q,y) 5biji 5bi BeKTopoM HaHjiynmero npH5jiH>KeHHfl ^jih MaTpHn,bi (l28ll . a bcktop 
(p,y+i, gjy+i) 5biJi 5bi B TOHHOCTH cjie^yioinHM BCKTopoM HaHJiyHinero npnSjiHJKeHHa MaTpHii;bi 

(l28ll flOCTaTOHHO HToSbl 

mill max |(xi - ^Xs)^] + Xg^' + ■ ■ ■ + + ?/,| > |(p. - g.O^nl, (30) 

r;i;e MHHHMyM SepeTca no ii;ejibiM TOHKaM {xi, ...,Xm',yi, ■■■jUn) TaKHM, hto 

7^ max \xi\ ^ qu+i, max ^ 1 + |a;i — ^^2! + \x3\ + ... + \xm\- (31) 

H 

(Xi, ... ) 7^ ±(Pi^, 9^^, 0, 0), ±(j5^+i, gi.+i, 0, 0). 

m+n—2 m+n—2 
EcjIH X3 = ■ ■ ■ = Xm = 1/1 = ■ ■ ■ = 1/n = 0, TO OT CBOHCTB HHCCJI HHHerO HC SaBHCHT H 

max |(xi - ea;2)^j + ^3^- + • • • + x^^f + y,\ = |(xi - exa)^^! > |(p. - g.O^nl, 
nocKOJibKy < H noflxoflainne ;i;po6H 3a;i;aiOT HaHJiyHinne o;i;HOMepHbie npnSjiHJKeHHa (cm. nyHKT 

O). 
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YcjiOBHe poll SyflGT BbinojiHeno, ecjiH ^jih Ka>Kfloro paccMaipHBaeMoro n,ejio^HCJieHHoro naSopa 

{Xi, ...,Xm,yi, ■■■jUn) C yCJIOBHeM (ISTl) H TaKOrO HTO 

IXsl + ... + \Xm\ + \yi\ + ■■■ + \yn\ 7^ (32) 

npH KajK^OM J, 1 ^ J ^ n Sy^eM hmctb 

{9l9^,...,9J')^X{x,,X2,...x^;y,), 

X{x,,x2,...xm;yj) = {{e],el...,e;') e [0,1]™-^ : \ix,-Cx2)e] + x3e^ + --- + x^e]' + y,\^i/q,+,}. 

SaivieTHM, ^TO j^ji^ Mepbi JleSera nocjie^nero MHo:;^cecTBa BbinojiHeno 

- ^2:21 + Fsl + ••• + \Xm\) 
KpoMe Toro, ecjiH x^ = ... = Xm = to h3 (l32l) nojiynaeivi, hto neKOTopoe yj ^ 0. Tor;i;a ecjin 

\Xi — ^^2! < |, TO ( l30l ) BbinOJIHGHO aBTOMaTHHeCKH, H, CTajIO SblTb, MOJKHO CHHTaTb, ^TO 
HTaK, flJIfl BbinOJIHeHHH yCJIOBHfl (1301) flOCTaTOHHO ^T05bl 

el el ■■■ e^^ 



en e^ ■■■ e^ 



me 



4" = U U 

{xi,X2) : {yi, ...,yn) ■ 

< max{|xi|, |x2|} ^ Qu+i maxi<;j<;„ \yj\ ^ 4|xi - ^X2\ 

\Xl-^X2\ ^ 1/2 

J^(Xi,X2,0^^^^;|/l) X ■ ■ ■ X J^{xi,X2,0^^j^,yn), 

m—2 m—2 



jf= u u u 

(Xi,X2) : (X3, ...,Xm) ■■ {yi, ■■■,yn) ■ 

< max{|xi|, \X2\} ^ q^+i < maxg^ci^^ \xi\ ^ g^+i maxi<;j<;„ ^ 2(|xi - ^^2! + Xll^s 

Ju{xi, X2, X3, 2/1) X ■ ■ ■ X Ji/(a;i, 0:2, 0:3, x^] yn)- 
II3 (1331) nojiy^aeM, ^to 

Pafl — cxo^iHTca h Teopeivia [101 TaKHM o6pa30M, BbiTCKaeT h3 jieiviMbi Bopejia-KaHTejiJiH. 

B saKjiiOHeHHH SToro nynKTa otmcthm, hto npH m = n = 2 npHMep MaTpHn,bi B, cocToamen h3 
HHceji, jiHHeiiHO neaaBHCHMbix BMecTe c eflHHHn,eH na^ Z h TaKon, hto R{Q) = 2, aBTopy HeHSBecTen. 
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2.3 Bbipo:acfleHHe pasMepnocTH, R{0) = 3 

npHBe;i;eHHbie b upepf}ipym,eM nyHKTe peayjibTaTbi noKasbiBaiOT, nacKOJibKO TOHHa HHJKnaa oii;eHKa 
nyHKTa (i) TeopeMbi [7] npn m ^ 2. Hhjkg mm ycTanoBHM, hto HHJKHaa oii;eHKa h3 yTBepjK^ieHHa (iii) 
TeopeMbi [7] TOJKe Tonna. /Jjia BToro mm Sy^eM HcnojibsoBaTb CHnryjiapHbie MaTpHn,M. 
CnaHajia paccMOTpHM BecBMa cnen,HajibHMH cjiynaH. 

HycTb HHCJia G (0, 1/2) jiHHeflHO neaaBHCHMbi BMecTe c eflHHHii;eH na^ Z. IlycTb {xi^,y, X2,u, a^3,i 
ecTb "pacniHpeHHMH" BeKTop HaHJiyHinnx npnSjiHJKeHHH fljia naSopa (lyT mm HcnojibsyeM 

HecTaH;i;apTHbie ji^jisi HacToamefl CTaTbH o6o3HaHeHHa, ho bto 5yfleT yfloGno). Tor;i;a 



TJl^e MOJKHO CHHTaTb, HTO 



HOJIOJKHM 



H paccMOTpHM MaTpHn,y 



My = max \xi 

j=l,2,3 



el el ef \ / eel ^01 o'l 
oi el ei) V eel eel el 



(34) 



TeopeMa 11. Uycmti pnd 



Y^Mi^,\\x,,ye+x2,uer (35) 



!/ = l 



cxodumcH. Tosda Sam nonmu ecex Ha6opoe {ef,...,el) G M" manux, nmo < 6*2, •••,6'^ < 1/2 < 
< 1 nocjiedoeamejihHocmh HauAyniuux npu6AUMceHuu dAH Mampuii,u Q, onpedeAeuHou e ([^^ 
omAuuaemcH om nocAedoeameAbHocmu 

{xi 0,...,0) 

n 

He 6oAee hcm na KoneHHoe hucao moneK. 

/l^OKaaaTejibCTBO xeopeMbi [TT] no^o6HO ;i;oKa3aTejibCTBy xeopeMbi [TOl ji^jisi hohth Bcex [ef, el) G 
Ha;i;o ;i;o6HTbca Toro, htoSm 

min max \ei{xie + 3^2^^ + a^s) + l/jl > \xi.ue + a;2.;/^^ + a;3,i.|, 

xi,X2,X3;yi,...,y„ l<i<n 

r;i;e MHHHMyM SepeTca no ii;ejiOHHCJieHHbiM BCKTopaM, y^OBJieTBopaiomnM cooTHomenHaM 

7^ max \xi\ ^ My+i, 

j=l,2,3 

(Xi,X2,X3,?/i, ...,?/„) 7^ ±(Xi,,,,X2,,„X3,,„0^^^^), ±{xi^y+i, X2,u+1, Xs^u+l, O^-^ ' 

n n 

EcTecTBGHHO, cjie^yGT pasjiHHaTb cjiynan y = h y 7^ 0. 

H3 cxo;],HMOCTH pa^a M,^ (sTa cxo^hmocb oSecne^HBaeTca 3KcnoHeHn,HajibHMM pocTOM BejiHHHHM 
My, CM., nanpHMep, jieMMy h3 pa6oTM |113| ) nojiynaeM 
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CjieflCTBHe. EcAU n ^ 2, mo Sam nonmu ecex Ha6opoe {6f,...,6fi) G M" Sam Mampuv^u 
eunoAHEHO R{Q) = 3. 

Tenepb mm c(|)opMyjiHpyeM h flOKajKeM yTBepxcfleHne, KOTopoe o5o5iii;aeT Teopeiviy H.r.MoineBHTHHa 
H O.H.repMana |113j . KOTopaa, b cbok) onepe^b, oGoSmaeT peayjibTaia h3 aBTopa |100| . Otmcthm, 
HTO B pa6oTe |113) aBTopbi anoHciipoBajiH eme necKOJibKO peayjibTaTOB, b ^acTHOCTH, peayjibiaTbi o 
cymecTBOBaHHH CHHryjiflpHbix chctcm cnen,HajibHoro BH^a (npn n = 1), no^poSnoe ^OKaaaTejibCTBO 
KOTopbix noKa ne onySjiHKOBaHO. OopMyjinpoBKH mm npHBe^eM b nyHKTe [121 

IlycTb m* > m. Hapa^y c MaTpni^eii B BH^a ^ paccMOTpHM "pacmnpeHHyio" MaTpHii;y 



... gm+l _ _ _ gm 



nl _ _ _ nm Om+l _ _ _ am* 



c BemecTBeHHMMH sjieMGHTaMH. TaKHM o6pa30M, MM yBejiHHHJiH MaTpHii;y 0, floSaBHB n{m* — m) 
sjieMGHTOB. Ha5op floSaBjiennbix sjieMenTOB mojkho OTO>K^ecTBHTb c neKOTopbiM BCKTopoM B = 
(6*™^^, 6'™*) B npocTpancTBe CnpaBe;i,JiHBO cjie;],yiomee yTBepjKflenHe, nenocpflCTBeHHO 

oSoSmaiomee peayjibTaT H.r.MomeBHTHHa h O.H.repMana h3 |113| h h paaBHBaiomee no;i;xo;i; aBTopa 
[I00],[I05]. 

TeopeMa 12. Uycmti moHKU 

Zi/ = (3^1,1^5 Xm,vi yi,vi ■■■1 Un.v) G ^ , Z/ = I, 2, 3, . . . 

odpaaytom nocAedoeameAbHocmb HauAynmux npu6AUMceHuuu Sam Mampuv,u 0. Uycmti ecAUHUHU 
My u cymb SAeMenmu nocAedoeameAbHocmeu ( fTOOllJ . PaccMompuM nocAedoeameAbuocmb n,eAux 

mOHEK 

z: = (a;i,,,....,a;„,,, 0,..., 0,1/1,,,. gZ™*+". (36) 

UpednoAootcuM, umo pud 



Y^M-<"'^-^-'\\ogMy^,Y^-''-^-\:, 5(a,&) = <|i' \[ , (37) 
7^1 [0, 



cxodumcH. Tozda Oah noumu ecex "do6aeAHeMux " ecKmopoe CMUCAC Mepu JIe6eza) 

nocAedoeamcAbHocmb nauAyumux npu6AUMceHuu Bah Mampuv^u B* omAuuaemcH om nocAedoeamcAbHocmu 
z* Ha He 6oAee, hcm kohchhoc hucao moHCK. 

Ha TeopeMM [12] b cbctg npe^jiojKeHHa 1 nenocpeflCTBeHHO nojiynaeM 
Cjie^CTBHe. 

Uycmb m > 2 u nycmb Mampuv^a 9 neAHcmcH ip-cuHzyAHpHou. IJycmb manofce pnd 



u=l 

cxodumcH. Tozda Bah nonmu ecex "do6aeAfieMUx" eenmopoe 9 G M'^C™*-"^) nocAcdoeamcAbHocmb 
ecex HauAynmux npu6AUMceHuu Bah Mampuii^u 9* omAunaemcn om nocAedoeamcAbHocmu ^3^) na 
He 6oAee, hcm KoneuHoe hucao moncK. 

EcTecTBeHHO, ecjiH nojiojKHTb n = 1, m = 2, ^(t) = h BsaTb nncjia 9j, 9'j, cymecTBOBaHHe 

KOTopbix o6ecne^HBaeTca TeopeMoii [H to name cjie^CTBHe npeBpamaeTca b cjieflyiomHH peayjibTaT, 
HMeBniHHca b |100| . [T05] . 
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TeopeMa 13. IIpu n = 1 u nacncdoM m ^ 2 cyvu,ecmeyem Ha6op Q, cocmosi'muu U3 aAse6pauHecKU 
nesaeucuMux uuceji 6"^, 1 ^ i ^ m, maKou, umo eeKmopa Haujiyuumx npu6AUMceHuu z,^ npu ecex 
docmamoHHO 6o./imuux SHaneHusix v jieMcam e HenomopoM mpexMepnoM nodnpocmpaHcmee, mo 
ecmb R{Q) = 3. 

ripH npoH3BOJibHOM n H m ^ 3 H3 TeopeM [TT] H [12] nojiynaeM cjie;i;yioiii;HH peayjibTaT. 

TeopeMa 14. IIpu m ^ 3 KaotcdoM n cymecmeyem Mampuv^a G, cocmonman U3 jiuheuho neaaeucuMux 
OMecme c eduHun,eu nad Z uuceji 9p manaM, nmo eeKmopa Haujiynmux npudjiuMcenuu -Ly npu ecex 
docmamoHHO 6ojihmux auaneHUHX v Aemcam e nenomopoM mpexMepnoM nodnpocmpaucmee, mo 
ecmb -R(O) = 3. 



^OKaaaTejibCTBO Teopeivibi | 
MojKHO CHHTaTb, HTO ^* G [0, 1] npH Bcex SHaneHHax i, j. 

HaM na^o ^OKaaaTb, hto npn (J)HKCHpoBaHHOH MaTpHii;e G, y;i;oBJieTOBpaioiii;eH ycjiOBHio Teopeivibi, 
fljia noHTH Ka>Kfloro "^onojinaiomero" naSopa G cymecTByeT TaKoe vq, wto ^Jia Bcex z/ > z/q Sy^ei 

BbinOJIHHTbCfl 



mm max 



r;i;e MHHHMyM 6epeTC5i no Bceivi ii;ejibiM TOHKaivi 



> C, (39) 



TaKIIM, HTO 



Z= (xi,...,Xm*,l/V,.-,2/n) GZ'"*+"\{0} 

max \xj\ < Mjy+i, z 7^ z*. 

YcjiOBHe f l39l ) Sy^eT BbinojiHeno, ecjin ^jih KajK^oro BeKTopa 

) eZ"^*+'^\{0,±z,,±z,+i} 

TaKoro, ^TO maxi<gj^m* ^ M^^+i HMeeT MecTO cjie^yiomee: ^jih neKOToporo j h3 npoMe>KyTKa 
1 ^ i ^ ^ BbinojiHHeTca 

Xm+lO]"^^ + + ■■■ + Xra*Of ^ J,(l/j,Xi, ...,Xm), (40) 

r;i,e 

J,,(?/j, xi, Xm) = {-yj - xi9j H h Xm6'J' - Cu, -Vj - Xi9j H h x^^f + O- 

SaMeTHM, HTO ycjiOBiie ( !40ll osHanaeT, hto paccToaHne ot to^kh (6'™"'"^, 6'™*) G [0, 1]™*~™ ^o 
no^npocTpancTBa 

{Um+l, Mm*) e M™*""' : Xm+lUm+1 H h Xm'Um* = -yj - Xid] X^OJ 

He MeHbine, "qeM ■ (x^+i + ■ ■ ■ + x^.)~^/^. 

IlOJIOJKHM 

fi,(z) = fi,(x, y) = {e G [0, : 

Xm+lOf^^ + ■■■ + Xm,9f ^ Jy{yj, Xi, Xm), 1 ^ j ^ | 



H 



y X 
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npHHGM B nocjie^Heii (|)opMyjie oS^be^HHeHHa SepyTca no oSjiacTHM n,ejibix tohck 
{y : max \yj\ ^ (m* + l)M^+i}, {x : < max \xi\ ^ Mj,+i}. 

CorjiacHO jieMMe Bopejia-KanTejiJiH, ^jih flOKaaaTejibCTBa TeopeMbi flocTaTonno ySe^HTbCfl b tom, 



HTO 



^0, z/Q ^ +00. (41) 

Ho 

Tenepb cooTHomenHe (l4T]l cjie^yeT h3 cxo^hmocth pa^a ( l37ll . h leopeivia ^OKaaana. 

3 O^HOMepHbie ^HO(J)aHTOBbi npH6jiH:aceHHa. 

06cy;i;HM npocTefiniyio CHTyaii;Hio, Kor;i;a m = n = 1. B btom cjiynae mm HMeeM flejio c 3a;i;aHeH o 
npnSjiHJKeHHH o^noro HHCJia a = 6l pan,HOHajibHbiMH flpoSaMH. 

3.1 I^enHbie jipodm 

Xopomo H3BecTH0, HTO Bonpoc o HaHJiyHinnx npnSjiHJKeHHax b stom cjiynae nojiHOCTbio pemaeTca 
nocpe^CTBOM annapaia n,enHbix ^poSen (cm. |67|). HanoMHHM, hto gcjih BemecTBeHHoe a npe^CTaBjieno 
B BH^e n,enHOH ^poGn 

a = [oq; ai, 02, aj, ...] = ao H ^—^ , G Z, G N, t= 1,2,3,... 

ai H J 

02 H + 



at + . . . 

(KOnenHOH HJIH 6eCK0HeHH0H, B 3aBHCHM0CTH OT TOrO, SBJiaeTCa JIH a pan,HOHajIbHbIM HHCJIOM HJIH 

hgt), to noflxoflflmHMH flpoSsMH K « HasbiBaiOTCH pan,HOHajibHbie ^poSn BH^a 

P'' -\ 1 _ , ^ 

— — [ao] ai, a2, ciu\ — H 



(Xi H 



1 

a2 + ■ ■ ■ + — 



HaHjiynniHe npnSjiHJKeHHH, onpe^ejienHbie Bbime b nynKTe 11.31 (Tonnee "pacniHpeHHbie" BGKTopa 
Zjj G 7?) Sy^yT (b TepMHHOJiornH KHHrn [67j ) HaHjiynniHMH npnSjiHJKeHHHMH emopozo poda. /Jjih 
HHx cnpaBe;i;jiHBO cjie^yiomee yTBepjK^eHHe (cm. [67], TCopcMa 16). 

TeopeMa 15. Bchkob Haujiyumee npu6AUCHceHue z^, UMeem eudzy = {qu,Pu), ^de u neAHwrncsi 
3HaMeHameAeM u uucAumeAeM HeKomopou nodxodnw^eu k a dpo6u. 
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Otmcthm, hto ecjiH a 7^ — (b nacTHOCTH, ecjiH a ecTb ^hcjio Hppan,HOHajibHoe) , to ^jih ero 



npnSjiHJKeHHa noflxoflainen ;i;po6bio hmgiot mgcto HepaBencTBa (cm. [67], Teopeivibi 9,13) 



1 



< 



a 



B HaCTHOCTH, 



\qua\ \ > 



Pv 



1 



< 



1 



HjiH, Ha asbiKe oSoana^enHH nvHKTa 11.31 (h npH a G (0, 1)) 

1 



2M, 



Vz/ G N. 



(42) 
(43) 

(44) 



riojibsyacb cjiynaeM, OTMeTHM, hto jiflu paanocTH h3 (l42l) HivieeTca npocToe h HaamHoe paBencTBO 



a — 



Pv 



(45) 



Q^i/+i — ...], a* — [0; a^, a^-i, au-2, ^i]. 

3to paBGHCTBO no3BOJiaeT npoBecTH BecbMa ^eTajibHoe HCCJie^OBanHe o^noMepHbix flHO(J)aHTOBbix 
npnGjiHJKeHHH, Hanpniviep, cbgcth ocHOBHbie 3a;i;aHH HsyMenHa cnenmpa Jlaepanofca 

L = {A G M : 3a G MTaKoe hto A = (liminf g||ga||)"-^} 

K aaflanaM o SecKonenHbix nocjie^OBaTejibHOCTax [26j. O cneKTpe JlarpanjKa L HMeeTca mhofo 
paSoT - CM., HanpHMcp, SnSjiHorpac^DHio h3 KHHra [26j h aaMenaTejibKbiii oSsop A.B.Majibimeba [93] . 
HHKaKOH MHoroMcpHbiH anajior paBcncTBa (l45l) . no-BH^HMOMy, HensBecTeH. 

EcjiH Tcnepb npeflnojiojKHTb, hto a Hppaii;HOHajibHO h npe^CTaBJiacT h3 ce5a ecTb CHHryjiapnyio 
CHCTCMy c m = n = 1 TO npn Bce flOCTaTOHHO Sojibinnx t corjiacHO npe;i;jiojKeHHio 1 Sy^CT BbinojinaTbca 

< 2M +1 ' '^'^^ npoTHBopcHHT ( l44l ). Sna^HT Hppan,HOHajibHbix ^, aBjiaiomHxca CHHryjiapnbiMH 
CHCTCMaMH He 6biBaeT. 

PaBCHCTBO (1451) ecTecTBCHHO nepenHcaTb b bh^c 

1 



qu\\qya\ \ = : — ^• 

a^+i + al 

Cjie^ycT CKa3aTb, hto hmcct mccto (cm., nanpHMcp [30] ) noxojKce paBcncTBO 

1 

qv+i\\qva\ \ = 



1 + 



1 



(46) 



aj^+i — ctj/+i + Oil — [fljy+i; ttu, di]- 
3to paBCHCTBO, B HacTHOCTH, no3BOJiaeT HCCJieflOBaTb cnenmp /(upuxAe 

© = {A G M : 3« G MTaKoe htoA = (limsupg||gQ;||)"^}. 

B OTJiHHHe OT cncKTpa JlarpanjKa, H3yHeHHio cncKTpa ^Hpnxjie nocBameno Majio pa6oT (cm. 6H6jiHorpa(J)Hio 
B CTaTbe [50]). 

EcTecTBCHHO, onpe^ejiCHHa cncKTpoB JlarpaH>Ka h ^HpHxjie mo>kho ^aBaTb b TcpMHHax 4)yHKn,HH 
Mi)- 
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3.2 OyHK^Ha i/jait) 

^jia cjiynaa m = n = 1 npn 9\ = a (i)yHKii;Ha (l20l) npHHHMaeT bh^i; 



V'Q.ft) = mill \\ax\ 

l<x<t 



He^aBHO H.^.KaH h H.r.MomeBHTHH [69] nojiynnjiH cjie;i;yioiii;HH peayjibTaT. 

TeopeMa 16. JJ,.aH npouseoAbuux deyx uppav^uoHaAhHux uuceji a, (3 manux, umo a±(3 ^ Z cfjyHKV^uji 
pasHocmu 

6ecK0HeHH0 mhoso pas Mennem snan npu t — > +oo. 

/l^OKaaaTejibCTBO btoh Teopeivibi mm 3;i;ecb ne npHBo;i;HM. OTivieTHM Jinnib, hto oho CBaaano c 
npHMeneHHeM (J)opMyji (I45II46I) . 

Otmcthm TaKJKe, ^to TeopeMbi [T|2] A.5I.XHHHHHa. npon,HTHpoBaHHbie HaMH b nyHKTe ri.2l noKasbiBaiOT, 
HTO peayjiBTaT TeopeMbi [16] ne mojkgt Smtb nepeneceH na Sojibmne pasMepnocTH. 

Bo3bMeM B TeopeMe [T] = o(t~^), t — > +oo. IlycTb O^^O"^ - tg nncjia, cymecTBOBaHHe 
KOTopbix yTBepjK;i;aeT TeopeMa[TJ BosbivieM flpyrne HHCJia (3"^) njioxo npnSjiHJKaeMbiMH (b CMbicjie 

JIHHeHHOH (|)OpMbl): 

inf dlxi/?^ + X2/?^|| ■ maxflxil, |x2|)^) > 0. 
(xi,x2)ez2\{(o,o)} ^" M I I 1/ y 

Bh^hm, hto npH flocTaTOHHO SojibniHx t nojiynaeTCfl 

^(ei,e2)(t) < ^(/3i,^2)(t). 

CHTyan,HH ^jih coBMecTHbix npH5jiH>KeHHH anajiorH^Ha. Ha;],o bshtb b TeopeMe [2] (J)yHKn,Hio 
= o(t~^''^), t — s> +00, HHCJia 9i,92 H3 TeopeMbi [21 a TaK>Ke coBMecTHO njioxo npH5jiH>KaeMbie 



HHCJia 



/32 



BnflHM, HTO 



inf ( max I I ■ IxP''^ | > 0. 



^^2 j 1/52 



Bcex flocTaTOHHO Gojibinnx t. 



3.3 ^ByMepHbie pemeTKH 

Sflecb Mbi xoTHM o5o6mHTb HepaBeHCTBO (1421) (a, snaHHT, h on,eHKy CHHsy (I44p ) y^oSnbiM ^jih 
npHJiojKeHHii oSpaaoM. 

PaccMOTpHM ;i;ByMepHoe Bnojine paii;HOHajibHoe jiHHeliHoe no;i;npocTpaHCTBO vr C M*^ h ;i;ByMepHyio 
pemeTKy A = vr fl Z'', b neM coflepjKainyioca. By^eM CHHTaTb, hto MHoacecTBO 

i3 = 7r n {z = (x, y) : max \xi\ ^ 1} 

l<fi<m 
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KOMnaKTHO. Tor^a sup-HopMa na npocTpancTBe BeKTopoB x sa^aeT na ^ByiviepHOM noflnpocTpancTBe 
TT HH;i;yii;HpoBaHHyio HopMy | ■ |, (laKHM oSpaaoM, "e;i;HHHHHbiH map" i3 = {z G vr : |z|, = 1} 
ecTb orpaHHHeHHoro BbinyKJioe ii;eHTpajibHO CHMMeTpnHHoe MHO»cecTBo). PaccMOTpHM o^HOMepHoe 
no^npocTpancTBO i G tt. HycTb ecTb e^HHCTBeHnaa TOHKa pemeTKH A, KOTopaa jigjkht b i. HycTb, 
Sojiee Toro, 

^n{z = (x',y'): a;; = ...=x'^ = 0} = {0}. 
HycTb HMeeTca neKOTopoe jinneHHoe no^npocTpaHCTBO C, TaKoe hto 

Cn'K = i, dim/:^l. 

HocKOJibKy i He asjiaeTca Bnojine paii;HOHajibHbiM, to C TO»ce He asjiaeTca Bnojine paii;HOHajibHbiM. 

OnpeflejiHM HaHJiyHinee npHSjinaceHHe TOHKaMH pemeTKH A Ho;i;HpocTpaHCTBa i OTHOCHTejibHO 
HopMbi I ■ |, KaK TaKyio TOHKy z = (x, y) G A, hto 

dist(z, C) = mindist(z', C) 

Tj^e MHHHMyM SepeTca ho BceM TOHKaivi z' G A TaKHM, hto 

< |z'|, ^ |z|. 

H dist(z,£) oSoananaeT paccToaHne b sup-nopivie (b Mf^) ot tohkh z ^o HO^HpocTpancTBa C. 

EcxecTBeHHO, HaHjiynmHe npHSjiHiKenHa flOJiJKHbi pacnojiaraxbca b BH^e SecKone^Hbix nocjie^OBa- 
TejiBHOCTeii 

±Zi,±Z2,...,±Z^,±Z^+l,..., 

dist(zi, C) > dist(z2, £)>•■■> dist(z,^, C) > dist(z,^+i, £)>■■■, 

|zi|, < |Z2|, < • ■ ■ < \Z^\, < \z^+i\, < ■ ■ ■ , 

aHajiorHHHbix nocjie^OBaTejiBHOCTaM (llOflip . Ciporaa mohotohhoctb BejiHHHH dist(zi,, C), \z^\, onpe^ejia- 
exca nocTanoBKOH aa^a^H. By^eivi roBopHXb, hto Ha6op (vr, £, C) aBjiaeica npaeuAhHUM, ecjiH ^jia 
Ka>Kfloro flocTaxoHHO 6ojibmoro SHaneHHa HH^eKca u n,ejio^HCJieHHbiH BeKTop z,y G A onpe^ejien 

0;i;H03HaHH0 C TOHHOCTbK) flO 3HaKa. 

OHeBH;i;HbiM o6o6m;eHHeM nepaBencTBa (l42l) aBJiaeTca cjie;i;yiom;ee 

IIpefljioaceHHe 2. Ecau Ha6op (vr, i, C) neAHemcH npaeuAbHUM, mo c ueKomopuMU noAooicumeAbHUMU 
nocmoHHHUMU Ci,C2, saeucjimuMU om 7t,£ u C npu ecex v eunoAHMemcM 

Ci ^ dist(z,,,£) ■ |zi,+i|, ^ C2. 

HtoSbi ySe^HTbca b cnpaBeflJiHBOCTH npe^JioJKeHHa 2 ;],0CTaT0HH0 paccMOTpexb flByMepnyio BbinyKjiyio 
i];eHTpajibHO-CHMMeTpHHHyio oSjiacTb 

{z G TT : |z|, ^ |zi,+i|,, dist(z, (£) ^ dist(zj,, £)}, 

Ha rpaHHii;e KOTopofl ecTb ;i;Be jinneHHO nesaBHCHMbie tohkh z^, z^+i G A. 
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4 CnnryjiapHbie CHCxeMbi b sa^ane o coBMecTHbix ^HO<J)aHTOBbix 
npnS jiH:>KeHHax . 

Cjiy^aii m = 1 nasbiBaeTca sa^aneH o coBMecTHbix flHo4)aHTOBbix npH6jiH>KeHHflx. Bcio^y hhjkg b 
HacTOflmeM nyHKTe mbi nojiaraeM m = 1 h HcnojibayeM oGosHaneHHe 9j = 9j, 1 ^ j ^ n. B btom 
cjiynae 

X = xi = X e M\ M(x) = |x|, Lj{x) = 6jX 

H peHb HflGT O MajIOCTH BejIHHHHbl 

max ||x6'j||. 

HycTbie napajiJiejienHne^bi p6|17p Tenepb hmgiot bh^ 

= {z' = (x',?/i,...,?/^) : |x'| ^ \x^\, max Ix'Oj+y'A ^ max ||x^0j||} 

H 

= {z' = ix',y[,...,y'J : |x'| ^ |x^+i|, max Ix'Oj + y'A ^ max (47) 
B nepBOM H3 HHx HGT flpyrHx n,ejibix tohck, KpoMe to^gk 0, zhZj,. Bo BTopoM hgt ^pyrax n,ejibix 

TOHCK KpOMe H ±Zi,, ±Zi,+i. 

Otmcthm, hto BemecTBeHHoaHaHHOH 4)yHKii;HH il){t) = o(t^^/") Ha6op BemecTBeHHbix hhcgji 
G M" Sy^eT ?/'-CHHryjiflpHbiM ecjiH npn bchkom ^ocTaTO^HO SojibinoM t CHCTeMa flHO(|)aHTOBbix 

HepaBGHCTB 

max ||x^^j|| ^ 'ip{t), < max \xi\ <t 

HMeeT n,ejio^HCJieHHoe pemenHe x G Z, hjih, hto to >Ke caMoe, ^Jia Bcex ^ocTaTOHHO Sojibiuhx u ^jia 
SHaMeHaTejieii x,^ nanjiy^inHx coBMecTHbix npnSjiHJKeHHH BbinojiHeno BbinojiHeno 



max 



\XuOj\ \ ^ ij{x^+i). 



HanoMHHM, HTO fljifl BGKTopa = (^1, ■■■,0n) G ^epe3 dim^G mm o6o63H^aeM MaKCHMajibHoe 
KOJiHHecTBO jiHHeiiHO HeaaBHCHMbix ^Hceji h3 naSopa l,^i, 



4.1 HesaBHCHMOCTb BeKTopoB HaHJiyMLUHx npH6jiH:aceHHH 

CeHHac Mbi c(J)opMyjiHpyeM b BH;i;e cjie^CTBHli yTBepxcflenHa, KOTopbie MrnoBeHHO BbiBo;i;aTC5i h3 
onncaHHbix Bbime pe3yjibTaT0B. 

H3 npe^JioJKeHHa 2 nynKTa 13.31 nojiy^aeM 

Cjie^CTBHe 1. Uycmt) dimz6 = 2. Tozda c ueKomopou nocmoHHHOu 7 = 7(6) > eunoAHeuo 



lis yTBepjK;i;eHH5i (ii) TeopeMbi [7] h 3aMeHaHHa b KOHii;e nyHKTa 12.11 nojiynaeM 

Cjie^CTBHe 2. B CAynae n ^ 2, dimxQ ^ 3 naudemcsi 6ecK0HeHH0 mhoso SHaueHuu v maKux, 

Hmo eenmopu HauAyumux npu6AUMceHuu Zj,, z,y+i 2^+2 AuneuHO nesaeucuMU. 

Cjie^CTBHe 3. Ecau n = 2, dim^O = 3, mo Sam 6ecK0HeHH0 mhosux SHaneHuu v Sam eenmopoe 

HauAyumux npudAUMcenuu 

'^u+i = i^u+ij yi,u+ij y2.u+i)y 1 = 0,1,2 
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eunoAHCHO 




Cjie;i;cTBHe 3 HivieeTca b aBHOM BH^e y ^>k. Jlarapnaca [86]. B neaBHOM BH;i;e y B.5IpHHKa ([55j, c 
333 - 337) (J)aKTHHecKH HivieeTca 6ojiee o6m,ee yTBepjKfleHne: 

Cjie^CTBHe 4. IJycmb n ^ 2 u dim^© ^ 3. Tosda Sam ueKomopux deyx undeKcoe ji ^ j2 
6ecK0HeHH0 mhosux SHaHenuu v Sam eeKmopoe HauAyumux npu6AUMceHuu 

'^u+i — ^^v+ii yi,v+ii •••1 yn.v+i)i ^ = 0, 1, 2 

eunoAHmmcH 

det I Xy+i yj,,u+i yj2,u+i I 7^ 0. (48) 

yji,u+2 yj2,u+2 



OopMajibHO y 5IpHHKa |55| npncyTCTByeT ^yTb 6ojiee cjia6oe yTBepjK^eHHe. HoacnHM, KaK 
nojiynaeTca cjieflCTBne 4 (cp. c jieMMoii na CTp. 333 h3 [55]). 

CorjiacHO cjie;i;cTBHio 2 fljia SecKoneHHoro MHOJKecTBa anaMeHHii HHfleKca u MaTpHii;a 

Xu yi,u ■ ■ ■ 

Xu+i yi,u+i ■ ■ ■ yn,u+l I (49) 
HMeeT panr 3. Ecjih Bce onpe^ejiHTejiH f l48l ) o6pamaiOTca b hojib, to ^Jia neKOTopbix ji, j2, Js hmcgm 




yji,v yj2,v yj3,i^ 

det I yn,u+i yj2,u+i yja,u+i I 7^ 0, 

yji,u+2 yj2,y+2 yri,v+i 

TO ecTb TpexMepHbie BCKTopbi (=CT0Ji6ii;bi MaTpHii;bi (l49l) ) 




(50) 



jiHHeHHO HeaaBHCHMbi. Ho Torfla nojiy^aeTca, hto bgktop 




JIHHeiiHO SaBHCHM C JIIoSblMH flByMH BGKTOpaMH H3 (1501) . HGrO He MOJKGT 5bITb. 

ripejKfle HGM (|)opMyjiHpoBaTb cjie^CTBHe 5 npoBe;i;eM neKOTopbie paccyjKfleHHa. HycTb dim^B ^ 
3. PaccMOTpHM onpe;i;ejiHTejib h3 cjie;i;cTBHa 4, ne o5paiii;aioiii;HHca b hojib npn neKOTopoM SHaHenHH 
napaMBTpa v. Tor^a 



1,^ 



2,V 



1 ^ Idet I yj^,v+i yj2,v+i 

Xu+2 yji,u+2 y32,v+2 



•^v yji,i^ ^ji-^v yj2,'^ 

I det I x^^i yj^^u+i ~ Sji^u+i yj2,v+^ 

Xu+2 yji,u+2 — (^jiXu+2 yj2,v+2 — dj2Xu+2 
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^ X max ||xi,6'j|| x max | |a;,y+i0j| | = 6M^^2CuCu+i- (51) 



TaKHM oSpaaoM, j^jisi SecKoneHHO MHornx SHaHenHH v HMeeM 

OneBH^HbiM CTanoBHTca 

CjieflCTBHe 5. Uycmt) dim^O ^ 3. Tosda 



lim sup Mi.+ 1(^1, = +00. (52) 

YTBepjKfleHHe (l52ll HMeeTca y B.5IpHHKa b |51| npn n = 2 (cm. Satz 9 h3 [51]). B oSmeM cjiynae 
OHO c(|)OMyjiHpoBaHO B [56]. Otmcthm, hto b |51| cooTHomeHne (l52ll flOKasbiBaeTca c HOMOHi;bio 
coo6pa>KeHHH nepenoca. Tonnee, B.5IpHHK Bea^e ^OKasbiBaeT paBencTBO 

limsupt ■ ipe{t) = +00, (53) 

KOTopoe HBjifleTCH cjie^CTBHeM cooTHomeHHH f l52h . 3flecb mm hphbo^hm Sojiee to^hbih peayjiBTaT h3 
paSoTbi aBTopa |101| (b paSoTe |101| aBTop ne ccbiJiaeTca na paSoTbi B.51pHHKa, HOCKOJibKy Tor;i;a 
OH He 3Haji o5 hx cyHi;ecTBOBaHHH). 

TeopeMa 17. Uycmb n ^ 2 u dim^O ^ 3. Tozda 



CuM^+i +00, u +00. (54) 

/^OKaaaTejibCTBO . 

1. Bo-nepBbix, otmcthm, cjieflyioni;ee. HycTb G Z""*"^ — npoHSBOJibHaa ^ByMepnaa HO^pemeTKa 
H det2A^ — ee ^ByMepHbin 4)yHflaMeHTajibHbiH oSteM. Tor;i;a MHO»cecTBO pemeTOK 

{A^ c Z"+^ : detaA^ ^ 7} 

KOHe^HO fljia jiio6oro nojioJKHTejibHoro 7. 

2. Bo-BTopbix, ecjiH paccMOTpeTb ^ByMepnyio pemeTKy A^ = {z^,z,y^i)z, nopojK^eHHyio ^ByMH 
HOCJie^OBaTejibHbiMH HaHjiyHHiHMH npH6jiH>KeHHflMH, TO H3 ycjiOBHa conv(0, Zjy, Zi^+i) C l^iy (oSjiacTb 
^i, OHpe;i;ejieHa b (l47l) ) cjie;i;yeT, hto c HeKOTopoHHOJioacHTejibHoii hoctoshhoh C(0) BbiHOJineno 

^detzA^ = vol2(conv(0,z„z,+i)) ^ C(0)C.M,+i. 

3. B TpeTbHX, H3 ycjiOBHa dim^G ^ 3 cjie;i;yeT hto fljia KajK;i;oro (J)HKCHpoBaHHoro /i npn 
;i;ocTaTOHHO 6ojibmoM u 5y;i;eT BbiHOJineno z,^ ^ SnanHT, npn KajK;i;oM /x h npn ;i;ocTaTOHHO 
6ojibmoM u ;i;ByMepHaa pemeTKa A^ ne 5yfleT coBna^aTb hh c oflHofl h3 pemeTOK A^, A^, A^. 

TeopeMa 1171 BbixeKaex h3 CKa3aHHoro Bbime. 

J^diJiee Mbi 4)opMyjiHpyeM cjie^CTBHe TeopeMbiHTl b neKOTopoM CMbicjie anajiorH^no npe^JioJKeHHio 
2 H3 nyHKxa [331 

Ho anajiorHH c TeM, hto npo;i;ejiaHO b nynKTe 13.31 paccMOTpHM Bnojine paii;HOHajibHoe jiHHeflHoe 
no;i;npocTpaHCTBO tt C M"^ TaKoe, mto dimvr ^ 3 h nepeceneHHe vrn {z = (x, y) : maxi^j^m ^ 1} 
orpaHH^eno, h pemeTKy A = vr fl Z*^. IlycTb cnoBa £ C vr ecTb neKOTopoe o^HOMepnoe jiHneHHHoe 
no^npocTpancTBO b tt. Ho cennac (b otjih^hc ot Toro, hto Sbijio b nynKTe [331) mbi Gy^eM npe^nojiaraTB, 
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HTO no;],npocTpaHCTBO i He jie>KHT HH B KaKOM coScTBeHHOM pan,HOHajibHOM noflnpocTpancTBe no^npo- 
CTpancTBa vr (sto hghto Sojibinee, hgm to, hto ecTb eflHHCTBeHHaa TOHKa pemeTKH A, KOTopaa 

JiejKHT B i). 

/Jjia HHflyn,HpOBaHHOH HOpMbI |-|, Ha vr paCCMOTpHM HOCJie^OBaTejIbHOCTb HaHJiynmHX HpH6jIH>KeHHH 
E A K HOflHpOCTpaHCTBy i OTHOCHTejIbHO HOpMbI | ■ |,, COOTBeTCTByiOmyiO HO^HpOCTpanCTBy 

C D £ = C f] TT (lyT onpe^ejieHHe HaHjiyniuHx npnGjiHJKeHHH h npaBHjibHoro naGopa (vr, C) 
coBepmeHHO anajiornHHO onpe;i;ejieHio, ;i;aHHOMy b nvHKTe [331) . 

npefljio:»ceHHe 3. B onucauHux eume ycjioeuHX djiH npaeuAbuoso Ha6opa (tt, £, C) eunoAHnemcH 

dist(zj,,£) ■ |z,^_|_i|, +00, u +00. 



4.2 Bbipo:acfleHHe pasMepnocTH HanjiyMLUHx coBMecTHbix npnGjiH^KeHHii. 

C4)opMyjiHpyeM peayjibTaT, nojiyHenHbiii aBTopoM b [98] (cm. TaKJKe |105| ). npe;i;cTaBJiaioiii;HH KOHTpnpHMep 
K npeflnojiojKeHHK) Ji;jK. Jlarapnaca |86j . 

TeopeMa 18. IJycmb n ^ 3. Tosda naudymcM uucjia 9i,...,9n, auhbuho neaaeucuMue eMecme c 
eduHuv^eu nadZ u maKue, umo cpedu aw6ux n+1 udyui^ux nodpnd eenmopoe HauAyumux npu6AUMceHuu 
Zj,, z,^_i_i, Zj,_|_„ MoofCHO eu6pamb ne 6oAee mpex auheuho neaaeucuMux. 

HpoKOMMeHTHpyeM BKpaTii;e ^OKaaaTejibCTBO stoh TeopeMbi. HaSop hhcgji ^i,...,^„ sa^aeTca 
c noMombK) paii;HOHajibHbix npHSjiHJKeHHii k neiviy. CaMH paii;HOHajibHbie npHSjiH^Kenna CTpoiOTca 
HH;i;yKTHBHO. OcHOBHbiM HHCTpyMeHTOM fljia ocymecTBJieHHa HH;i;yKTHBHoro inara KOHCTpyKii;HH 
aBjiaeTca cjie^yiomee yTBep>KfleHHe. 

JTeMMa 1. Uycmb Bah pav^uoHaAhHou mouKU a = ^y, ^ j , (ai, a„, q) = 1 eunoAHeno CAedymmee: 

(i) KOHeuHan nocAedoeameAbHocmt coeMecmHux HauAynuiux npudAUMcenuu 

z„ = {xu,yi,u, --jyuM), l^iy^k, 
{xk,yi,k, ■■■,yn,k) = (g, ai, ...,a„) 

onpedeAena odHOSHauHo; 

(ii) HaudemcH deyjuepHoe enoAue pav^uonaAhHoe nodnpocmpaHcmeo it u HOMep jj, < k manue, umo 

Zj, G vr, ^ ^ u ^ k; 

(iii) Sam HauAyumezo npu6AUCHceHUM c HOMepoM k eunoAHeno 

Cfc < P(7r) 

(eeAUHuna p{t:) onpedeAena e [24\) )■ 

Tosda naudemcM noAoofcumeAbnoe e manoe, umo Sam ecex moueK [3, AeMcaiu,ux e e-OKpecmnocmu 
moHKU a, 6ydem eunoAneno CAedytoi^ee: 

(i*) ece eeKmopu nauAijumux npu6AUMcenuu k a 6ydym nauAyumuMU npu6AUMcenuHMU u k (5 
moofce; 

(ii*) ece pacmupennue eeKmopu nauAynmux npu6AUCHcenuu k (3, snaMenameAb x Komopux naxodumcn 
6 npoMCMcymKe x^ ^ x ^ Xk, Aeatcam e nodnpocmpancmee n. 
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/l^jifl ocymecTBjieHHfl HH;],yKTHBHoro mara nocTpoenHH cjie^yeT BbiSpaTb ^ByiviepHoe Bnojine pan,HO- 
HajibHoe no;i;npocTpaHCTBO tti 3 a , a saTeivi HOByio paii;HOHajibHyio TOHKy ai e tti, jiejKainyio 6jih3ko 
K a TaK, HToSbi OHa, b cboio OHepe;i;b, CHOBa y;i;oBJieTBopajia ycjiOBHJiM jieMMbi [T] c saMeHofi vr na 
TTi. HpHHeM «! cjie^yeT BbiSnpaTb Tax, htoGm ^jih nee HMejiocb > n + 1 BeKTopoB nanjiy^inHx 
npHSjiHJKeHHH, jiejKamHx b no^npocTpancTBe vti. HeaaBHCHMOCTb BMecTe c eflHHHn,eH na^ Z KOMnoneHT 
npe^ejibHoro BCKTopa na^o oSecne^HTb nocpe^CTBOM BbiSopa ^ByiviepHbix no^npocTpancTB Tax, 
HTo6bi R{Q) = n + 1. 



5 CHHryjiapHOCTb h ;];HO(J)aHTOB thh. 

riycTb 4)yHKn,Ha (p(t) mohotoho yGbiBaei k nyjiio npH t — > +oo. IlpHHflTO roBopHTb, ^to Ha6op 
HMeeT flHo4)aHTOB THn ^ (p(t) ecjiH ^jih SecKoneMHO mhophx x G BbinojiHaeTCfl 



max ||Lj(x)|| ^ Lp I max \xi 

B paSoTe |55| B.5IpHHK ycTanoBHji npocTbie h saMe^aTejibHbie on,eHKH ^HOcj^aHTOBoro THna ^Jia 
CHHryjiflpHbix MaTpHu,. HH>Ke mm hx npHBO^HM. KaK noKaaaji M.Jlopan [89], nepaBencTBa B.5IpHHKa 
B cjiy^aflx m = l,n = 2 n m = 2,n = 1 neyjiy^maeMbi. ToHnyio 4)opMyjiHpoBKy TeopeMbi 
M.Jlopana mm npHBO^HM b nvHKTe [831 Haniefi CTaTbH. HnjKe b nvHKTax 15.11 15.3 1 15.51 mm npHBo;i;HM 
opHrHHajibHbie peayjibTaTbi B.5IpHHKa. B nyHKTax l5. 2115. 4115. Gl HMeeTca ycHJienne TeopeMbi B.HpHHKa, 
npHHaflJiejKamee aBTopy h ycTanoBjieHHoe b npenpHHTe |115| . 



5.1 CjiynaH m = 1. 

CnaHajia paccMOTpHM 3a;i;aHy o coBMecTHbix npHSjiHJKeHHax. B.5IpHHK (cm. [55], TeopeMa 3) 
nojiyHHJi cjie^yiomHH peayjibTai: 

TeopeMa 19. Uycmh il){t) Henpepuenasi y6u6awiu,aH k uyAW nput — +oo (fiyuKv^un eeiu^ecmeeHHOzo 
nepeMCHHOso t, npuncM 4>y'HK'u,UH tip(t) MOHomoHHO eospacmaem k 6ecK0HeHH0cmu npu t +oo. 
06o3HaHUM nepes Lj(t) cjiyHKHtUn), o6pamHy'io Ktip(t). Uoaochcum 

Uycmh n ^ 2, dim^G ^ 3 n Ha6op 6 MOAMemcM ip-cumyAHpnuM. Tozda Sam 6ecK0HeHH030 KOAunecmea 
HamypaAbHux hucba eunoAHeuo 

max \\xeA \ ^ ip^^\x). 

CeHHac MM ;i;oKa>KeM 5ojiee tohhmh 4)aKT, a HMeHHO, ecjiH HaHJiyHinne npnSjiHJKeHHa z^, Zj,_|_i 

Zj,+2 JIHHeilHO HeaaBHCHMM, TO 

^<^['^l(a;,+i), (55) 

H3 KOToporo TeopeMa lT9l cjie^yex b CBeTe cjie;i;cTBHa 2 h3 nvHKTa 14?T1 

^eficTBHTejibHO, paccMOTpHM onpe;i;ejiHTejib h3 cjie;i;cTBHa 4 nyHKTa 14.11 He o6paiii;aioiii;HHca b 
HOJib. Tor;i;a h3 HepaBencTBa (ISTl) . Hcnojib3ya npe^jiojKeHne 1 h3 nvHKTa lL3l nojiynaeM 

1 ^ 6M,+2^(M,+2)^(M,+i) = 6x,+2^(a;.+2)^(x.+i), 

OTKjjia. (l55l ) cpasy cjie;],yeT. 
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HTo6bi noacHHTb peayjibTaT TeopeMbillOl cc^DopMyjinpyeivi cjie^CTBHe o flHO(|)aHTOBbix SKcnoneHTax, 
TaKJKe npHHa^iJiejKamee B. 5IpHHKy (cm. Teopeiviy 1, nacTb I h3 [55]). 

Cjie^CTBHe. Uycmb n ^ 2 u dim^G ^ 3. 06o3HaHUM uepea a(G) u (3{Q) cynpeMyMu mex 7, 
dAH Komopux d/iH cjjyHKiiiUU HpHUKa [2U) . coomeemcmeeHHO, eunoAHeuo 



limsupf^ipeit) < +00, (56) 

f— >+oo 

liminf r?/'e(t) < +00. (57) 

f— >+oo 



(RcHo, umo ^ ^ a{Q) ^ /3(G) ^ +00.) Tosda ecAu a{9) < 1, mo 



ecAU ofce a{Q) = 1, mo /3(G) = +00. 



5.2 CjiyHaii m = 1, n = 3. 

^jia a G [1/3, 1] nojiojKHM 

(1 — a)a + 



4a2 - 4a + 2 

BejiHHHHa (71(0) ecTb Kopenb ypaBHenHH 

(2a2 - 2a + \)x^ + a(a - l)x - a = 0. 

JlerKO BH^eTb, hto 

5fi(a) = max mini (5,— — ,— -( — -!)-[>, (59) 

5^i,7(i-a)-a>o [ 7(1 — a) — Q; a \a / 7. 

(7i(l/3) = (7i(l) = l. 

Bojiee Toro, a G (1/3, 1) BbinojiHeno g\{pt) > 1. 
HycTb ao G (1/2, 1) ecTb Kopenb ypaBHenna 

x"^ — x"^ + 2x — X = 1. 

Bh^hm, hto b HHTepBajie 1/3 < a < ao BbinojinaeTca 

a 



gi{a) > max < 1 



1 — a 



01 

TeopeMa 20. Uycmb m = l,n = 3 u Mampuvt^a G = I ^2 I cocmoum U3 hucba, auhbuho 



9 



3 



HeaaeucuMUX ejuecme c eduHuv^eu Had TL. Tozda 

/3(G) ^ a(G)^?i(a(G)). (60) 
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Bh^hm, hto HepaBGHCTBO (160p CHjibHee, hgm peayjibTaT TeopeMbi [19] (h ee cjie^CTBHa) b HHTepBajie 
1/3 < a(6) < tto- 

^OKaaaTejibCTBO. By^eivi npe^nojiaraTb, hto ipe{t) ^ i^it) BbinojiHeno c neKOTopoH nenpepbiBHoii 
y6biBaiomeH k nyjiio 4)yHKn,HeH ip{t). TaK>Ke cjie^yeT npe^nojioJKHTb, hto (J)yHKn,Hfl t i— > t • ipit) 
MOHOTOHHO BospacTaeT K 6ecK0He^H0CTH npH t — » +00. 

PaccMOTpHM nocjie^OBaTejibHOCTb bcktopob HaHjiyninHx npH6jiH>KeHHH = (xjy, t/i j,, 7/2,;/) l/3,j^)- 
Hs ycjiOBHa jiHHeiiHOH neaaBHCHMOCTH bh^hm, mto j^jisi SecKoneHHoii nocjieflOBaTejibHOCTH nap HHfleKCOB 
u < k,!^ ^ +00 6y;i;eT BbinojineHO 

• 06e TpOHKH 

Z;/— 1, Zjy, z^4_i; Zfc_i, z/j, z/j_|_i 

COCTOHT H3 JIHHeHHO HeSaBHCHMblX BCKTOpOB; 

• HMeeTca neKOTopoe flByiviepHoe no^npocTpaHCTBO vr, TaKoe hto 

zi en, z/ ^ / ^ A;; z,,_i ^ vr, z^+i ^ vr; 

• BeKTOpbl 

jiHHeiiHO HeaaBHCHMbi. 
HiaK 

/ yi,u-i y2,u~i yz,v~i x^^i \ 



1 ^ Idet 



yi,v y2,y y3,u 
yi,k y2,k y3,k Xk 

\ yi,k+l 2/2,fc+l 2/3,fc+l Xk+l ) 

^ 24C._iC.aMfc+i ^ 24^(M,)^(M,+i)^(Mfc+i)Mfc+i < 24V'(M,)(^(M,+i)2Mfc+i. (61) 

^ajiee naflo paccMOTpeT Tpn cjiynaa. 

I*'. ^Jia HeKOToporo 7 > 1 HMeeTca SecKoneHHO mhofo nap (z/, fc) paccMaTpnBaeMoro Bn^a, n 

TaKHX ^TO 

H3 nepaBencTBa (l6Tl) bmbo^hm 



24V'(M^ 

^onojiHHTejibHO npeflnojiaraa BOspacTanne (|)yHKn;HH t ^ P ■ i/j{t) ■ n oSoanaHaa oSpaTnyio k 

nen nepea p(t), bh^hm, hto 



C.<V.(M„,0«*^P^5j-(j^jj. (62) 

2''. J\ji5i neKOToporo 6^1 HMeeTca GecKone^no MHoro paccMaTpnBaeMbix nap nn^eKCOB {iy,k), 

TaKHX ^TO 

Tor;i;a cpaay nojiynaeivi 

a^^(Mfc+i)^^(M,^). (63) 
3*^. /Jjifl 5ecKOHe^noro KOJinnecTBa paccMaTpnBaeMbix nap nn^eKCOB (z/, /c) Bbinojineno 
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Tor^a flJiH flByMepHOH pemeTKH A = fl vr npH u ^ I ^ k — 1 Sy^eT BbinojiHHTbCfl 

OM;+i xe detsA. 

OTCiofla nojiynaeM HepaBencTBa 



Cfe-l "=^6 



«e MrV(M;) ^ m;_"iV(m;_i) 



(64) 



- — 1 - 

(KOHeHHO, Ha;i;o ;i;onojiHHTejibHO npeflnojiaraTb mohotohhog y6biBaHHe (jDyHKii;HH t ^ t-y ip{ti)). 

/l^jifl saBepmeHHfl ^OKaaaTejibCTBa na^o paccMOTpeTb Majioe e > m nojiojKHTb ?/'(t) = t~"^^. B 
CBeie cooTHomeHHa f l59p HepaBencTBO (1601) BbiTCKaeT h3 



5.3 CjiynaH m = 2. 

C4)opMyjiHpyeM Teopeiviy B.5IpHHKa o flHo4)aHTOBOM Tnne h3 pa6oTbi [55], anajiorHMHyio Teopeivie 

m 

TeopeMa 21. Uycmb m = 2,n ^ 1 u HeeupoMcdeuHafi Mampuv^a 



e 



/ 01 01 \ 

ol ol 

\0\ ol J 



HeAHemcfi ip-cumyAsipHou c HeKomopou mohouiohho y6ueaK)meu (fiyHK%ueu ijj{t) = o{t ^),t — * +oo. 

UOAOCHCUM 

Tosda HaudemcH 6ecK0HeHH0 mhoso neAOHUCAeuHux eenmopoe x = (xi,X2) maKux, nmo 

max ||6',;a:;i + O'^xoW ^ ^p^^'^ f max Ixi 

OTMeTHM, HTO B ycjiOBHJix TGopeMbi j^jisi npaBHJibHOH MaTpHii;bi BbinojiHeHO R{&) ^ 3. (ripH 
n = 1 3T0 cjie^iyeT h3 yTBepjK;i;eHH5i (iii) Teopeivibi [3 Hpn n ^ 2 sto BbiTeKaeT h3 V^-CHHryjiapnocTH 
H H3 TeopeMbi [HI) Tenepb ^jin flOKa3aTejibCTBa naflo ycTanoBHTb anajior cjie^^CTBusi 4 nynKTa I4.1[ 
Bh^hm, hto flJiH HeKOToporo HH^eKca h ^jih SecKone^HO MHorHx sna^enHH u cocTaBjienHbiii h3 
KOop^HHaT BCKTopoB HaHjiy^niHx npH5jiH>KeHHH onpe^ejiHTejib 

Xl,,y X2,u yk,u 
Xl,u+1 X2,u+l yk,v+l 
Xl,u+2 X2,u+2 yk,v+2 

He o6paiii;aeTC5i b hojib (na caiviOM flejie bto mgcto TpeSyeT 6ojiee no^poSnoro oSijacHeHHa). SaTeivi 
fljifl TaKoro 3HaHeHHH i/ na^o npoBecTH on,eHKy, anajiorH^Hyio (I5T1 ): 



1 ^ 6M,+2M,+iC ^ 6M,+2M,+i7^(M,+i). 

SaTGM Ha;],0 BOCnOJIb30BaTbC5I MOHOTOHOCTbK) 4)yHKn,HH ip. 
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Mbi He ocTanaBjiHEaeMCH a^ecb na ;],0Ka3aTejibCTBe noflpoSno (nanpHiviep, cjie^yeT paaoSpaTbca 
c CHTyaii;HeH, Korfla MaTpHii;a G He aBJiaenca npaBHJibHOii). Bee ^eTajin nivieiOTca b opnrHHajibHOH 
paSoTe B.5IpHHKa. 

Ha TeopeMbi 1211 B.5IpHHK bbibo^ht cjie^yiomee yTBep>KfleHHe. 

CjieflCTBHe. IJycmb m = 2,n ^ 1 u Mampuv,a HeeupootcdeHHan. Tosda Sam eeAUHUH 
a{Q), l3{Q), onpedeAMCMUX kuk cynpeMyM mex'y, Sam Komopux eunoAHeno fSR) u ^5l\) coomeemcmeeHHO, 
UMeem Mecmo coomHomeHue 

/3(e) ^ a(e)(a(e) - 1). (65) 



5.4 CjiyHaii m = n = 2 

^jia a ^ 1 nojiojKHM 



, , 1 - a + a/(1 - a)2 + 4a(2a2 - 2a + 1) 
9s{a) = . 

HiaK (73(a) ecTb pemeHHe ypaBnenHa 

ax^ + {a- l)x - {2o? - 2a + 1) = 0. (66) 
Bh^hm, hto (73(1) = 1 H npH a > 1 BbinojiHeno (73 (a) > 1. Bojiee Toro, b HHTepBajie 



1 ^ a < 



1 + 75^ ' 



HMeeM 

5'3(a) > max(l, a — 1). 

TeopeMa 22. Uycm.'b uucAa 6j, i,j = 1, 2 AuneuHO neaaeucuMU eMecme c eduHuv^eu HadZ. paccMompuM 
Mampuii,y 



1 n2 

9 _ ( ^1 ^1 



Tozda 

/3(e) ^ a(e)^3(«(e)). 



TeopeMa [22] CHjibHee xeopeMbi [2T] npH a(e) G ( 1, ( 



/_5 ' ^ 

/JoKaaaTejibCTBO . 

EcjiH R{Q) = 2 TO H3 TeopeMbi [8] nojiynaeM a{&) = 1, h ^OKasbiBaTb nenero. Corjiacno 
cjie;i;cTBHio 4 h3 nyHKxa 12.11 ne SbiBaeT Toro, htoGm -R(e) = 3. HTaK R{Q) = 4. Tor;i;a fljia 
6ecKOHeHHOHnocjie;i;oBaTejibHOCTH nap HH^eKCOB 

z/ < A;, z/ — > +00 HMeeM cjie^yiomee: 

• 05e TpOHKH 

COCTOaT H3 JIHHeHHO HeSaBHCHMblX BeKTOpOB; 

• HMeexca ^ByMepnoe HOflnpocTpancTBO vr, TaKoe hto 

zi e-K, z/ ^ / ^ A;; z,,_i ^ vr, Zk+i ^ tt; 
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1 ^ Idet 



^ 24C.-iC.MfcMfc+i. 



• BeKTOpbl 
JIHHeHHO HeaaBHCHMbl. 

Tor;i;a 

/ Xi^iy-i X2,u-\ yi,u-l y2,u-l \ 
X2,u yi,u y2,u 

Xl,k X2^k yi,k X2,k 
\ Xi^k+1 a^2,fc+l yi,k+l Z/2,fc+l / 

npe^nojiaraeM MonoTOHHoe ySbiBanHe (J)yHKn,HH t t ■ ip{t). HycTb cnoBa Tpeif) ^ ^(t). Tor^a 

1 ^ 24Mfc+iMfcV'(M,+i)7/'(M,). (67) 

PaccMaTpHBaeM ^Ba cjiynaH. 

1°. ^Jia HeKOToporo 7 > 1 ^Jia SecKoneHHO mhophx paccMaTpHBaeMbix nap (z/, k) BbinojineHO 

Mk+i ^ Ml 

Tor;i;a HeMe;i;jieHHO nojiynaeM 

Ck ^ HMk+i) ^ HMl). (68) 
2*^. Jl^Jia SecKone^Horo KOJinnecTBa paccMaTpHBaeMbix nap (z/, fc) Bbinojineno 

Mk+i ^ Ml 

Tor^a n3 (l67ll bh^hm, nTO 

Mk ^ {^{M,))-^. (69) 

PaccMOTpHM ;i;ByMepHyio no;i;pemeTKy A = vr fl c onpeflejiHTejieivi det A. ^Jia tohkh z G tt 
paccToanne ot z ;i;o flByiviepHoro no;i;npoTcpaHCTBa 

C = {z = {Xi, X2, yi, 1/2) : Olxi + d\x2 + 2/1 = 6*23^1 + 6*23^2 + ^2 = 0} 

nponopn;HOHajibHO paccToannio ot nee ;i;o o;i;HOMepHoro noflnpocTpancTBa £ fl tt. HycTb 5 ecTb 
K03(J)(J)Hn,HenT stoh nponopn,HonajibnocTH. riapajiJiejiennnefl 

{z = (xi,a;2,?/i,|/2) : |x| < M+i, max |%x - | < Cz} 

ne coflepjKHT nnyTpn ceSa nenyjienbix n,ejibix ToneK. SnannT 

7i(e)5detA < CzM+i ^ 72(e)5detA, v^l^k-\ (70) 
c neKOTopobiMH nocToannbiMH 7j(0), i = 1,2. H3 (169^ n ( 170p bmbo^hm 

C. «e ^^^^1^ «e M-\i,{M^)r^.^ [{m^))-^) ■ (71) 



^ajiee paccMaTpnBaeM 4)yHKn;Hio ?/'(t) = t "(0)+^ c MajibiM nojiojKnTejibnbiM e. HocKOJibKy Bejinnnna 
7 = 5f3(a(G)) y;i;oBJieTBopaeT (l66l) . nojiynaeivi yTBep^K^enne TeopeMbil 
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5.5 CjiynaH m > 2. 

B cjiynae m > 2 B.5IpHHK b |55| HcnojibsyeT Sojiee rpoMOSflKne paccyjK^eHHa HosTOMy oh 4)opMyjiHpyeT 
H ;i;0Ka3biBaeT ne o5iii;hh peayjibTaT c npoHSBOJibHOH 4)yHKii;HeH ip, a TOJibKO Jinnib yTBepjK;i;eHHe npo 
flHO(J)aHTOBbi noKaaaTejiH. 

TeopeMa 23. Ilycmb m ^ 3 u npo HeeupoofcdeHHyw Mampuit^y useecnmo, umo 

a{e) > (5m2)™-i. 

Toeda 

f3(Q) ^ (a(e))^ -3a(e). 

/l^OKaaaTejibCTBO stoh TeopeMbi mm 3;i;ecb ne npHBo;i;HM. Oho ocHOBbiBaeTca na h35iiii;hom nocTpoeHHH 
nocjie^OBaTejibHOCTH neaaeucuMux BCKTopoB npHSjiHJKeHHH. Y aBTopa hgt coMHenHfi b tom, hto 
pesyjiBTaT TeopeMbi [23] ne flBjiaeTCfl onTHMajibHbiM h MOJKeT SbiTb yjiy^men. B cjie^yiomeM nynKTe 
Mbi KaK pa3 H npHBO^HM nofloGnoro po^a yjiynmeHHe (b nacTHOM cjiy^ae). 

5.6 CjiynaH m = 3, n = 1. 

J\ji5i a ^ 3 onpe^ejiHM 4)yHKn,HH 

92{<y) = \/" + ~2~^ + ~~^' h{a) = a - g{a) -1. 
SaMeTHM, HTO 4)yHKii;HH g2{ct) H h{a) mohotohho BoapacTaiOT k SecKoneHHOCTH npn a +oo h 

92(3) = h{3) = 1, g2{a)^a-2. 

TeopeMa 24. PaccMompuM Mampuv^y-cmpoKy Q = {6^, 6"^, 9^), cocmoMmyw U3 jiuheuho neaaeucuMux 
eMecme c eduHU%eu Had Z hucba. Tosda noKaaameAU a(0) u (3{Q) cenaaHU coomHomeHueM 

/?(0) ^ «(0)^?2(«(e)). (72) 

/]|0Ka3aTejibCTB0 . 

Mbi Sy^eM paccMaTpHBaTb nocjie^OBaTejiBHOCTH BeKTopoB HaHjiyniuHx npH6jiH>KeHHH Zj,. 

CnaHajia paccMOTpHM cjiynaii, Kor^a i?(0) = 3. Tor^a Bce BeKTopbi z^, na^Hnaa c KaKoro- 
TO HOMepa JiejKaT b neKOTopoM TpexMepnoM Bnojine pan,HOHajibHOM no^npocTpancTBe vr, h mm 
4)aKTHHecKH HMeeM flejio c nocjie^OBaTejibHOCTbio HaHJiyHinnx npnGjiHJKeHHH TOHKaMH mpexMepHou 
pemeTKH Z^flvr deyMepHoso no^npocTpancTBa 7rn£(0) (nanoMHHM, mto onpeflejieHne no;i;npocTpaHCTBa 
C{Q) MM ;i;aBajiH b nynKxe [2TT|1 . Tor^a npHMennMa xeopeMa [211 h ee cjie;i;cTBHe ;i;aeT oii;eHKy ([65|1 . 
HTO CHjibHee HeM (1721) . 

Tenepb paccMOipHM cjiy^an, Kor^a -R(0) = 4. B stom cjiy^ae HaiifleTCfl SecKone^HO mhofo nap 

HH^ieKCOB U < k ^ +00) TaKHX, HTO 

• TpOHKH 

COCTOHT H3 JIHHeHHO He3aBHCHMbIX BeKTOpOB Ka>K;],afl; 

• HMeeTCH HeKOTopoe ^ByMepnoe Bnojine pan,HOHajibHoe noflnpocTpancTBO vr TaKoe, hto 

zi en, u ^ k; z,,_i ^ tt, Zk+i ^ it; 
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• HGTbipe BCKTOpa 
JIHHeHHO HeaaBHCHMbl. 

Tor^a, npe^nojiarafl, ^to naSop HBjiiieTCii 'i/'-CHHryjiapHbiM (ecTecTBenHO, CHHTaeM, hto (J)yHKn,H5i 
ip{t) MOHOTOHHa, H HTO MOHOTOHHa 4)yHKn,HH 1 1— > tip{t)) , nojiy^acM 



1 < Idet 



/ 3;3^j,_i Hu-l \ 

•^l,u ■^2,1' -^Sm Vu 

X2,v+l X'i,v+l Vu+l 

\ Xi^k+l X2,k+1 X^^k+l Uk+l ) 



< 24C.-iM,M,+iMfc+i ^ 24V'(M,)M,M,+iMfc+i. (73) 



^ajiee paccMaTpHBaeivi cjiynan. 

1°. EcjiH fljia 6ecKOHeHHoro KOJinnecTBa paccMaTpHBaeivibix nap hh^^gkcob (z/, fc) BbinojineHO 

TO TaKHx nap HH;i;eKCOB h3 ([73l) nojiyMaeM 



Ha nocjie;i;Hero nepaBencTBa TpeSyeivioe cooTHomenne (uSll cpaay BbiTCKaeT. 

2*^. HycTb SecKoneHHoro KOJinnecTBa paccMaTpnBaeMbix nap nnfleKCOB (z/, fc) Bbinojineno 

B 3T0M cjiynae cpaay nojiy^aeM 



OTKy^a TOJKe cpaay nojiynaeM cooTHomenHe (I721 ). 

S''. HycTb fljiH 6ecKOHeHHoro KOJin^ecTBa paccMaTpnBaeMbix nap nn^eKCOB (z/, /c) Bbinojineno 

^Ma(e)) ^ ^^^^ ^ ^^Mm^ 

B 3T0M cjiynae Ha;i;o Sojiee fleTajibno HCCJie;i;oBaTb, hto npoHCxo;i;HT b no^npocTpancTBe vr. PaccMOTpnivi 
npoeKn,Hio noflnpocTpancTBa vr na no^npocTpancTBO 3to ecTb neKOTopoe ^ByMepnoe jinnennoe 

noflnpocTpancTBO vr*, nepeceKaionteecfl c no^npocTpancTBOM vr no neKOTopon npHMoii £ = tt fl vr*. 
J\r^ tohkh z G vr paccToannfl ot z ^o no^npocTpancTBa >C(G) n ot z ^o no^npocTpancTBa i 
nponopn;HOHajibHbi. OSoanannM nepea b K09(|)(|)Hn;HeHT stoh nponopn;HOHajibHOCTH ("yroji" MejK^y 
nepeceKaioni;HMHca ^ByiviepHbiMH no^npocTpancTBaMn vr n tt*). TaK KaK BCKTopbi z; sBJiaiOTca 
BCKTopaMH nanjiy^mnx npnSjiHJKenHH, to KaK neKTopbi ^ByiviepnoH pemeTKH A = fl vr onn 
aBTOMaTH^ecKH OKasbiBaiOTca nanjiyHmnMn npH6jiHJKeHHaMH TO^Kaivra pemeTKH A npaMon i b Hnflyn,H- 
poBannoH HopMe. HycTb det A ecTb (Jjyn^aMenTajibnbin o6T.eM pemeTKH A. 5Icho, hto c neKOTopbiMH 
nojiojKHTejibHbiMH nocToannbiMH 7j(0), i = 1,2 Bbinojineno 

7i(e) ■ 5 det A ^ CiMi+i ^ 72(6) • 5 det A, u 

B nacTHOCTH 

71 (0) 
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y^TGM, HTO Cfc-1 ^ '4^{Mk). H3 ycjiOBHH cjiy^aH nojiy^aeM, hto 

^ < 72(e) ^(M,)M, 72(e) / ^^-1 

HocKOJibKy 

a{g2ia)Y + {a - 2)(72(«) - (« - 1)' = 0, 



TO CHOBa nojiy^aeM ((72]). 
TeopeMa ^OKaaana. 



6 Heo^Hopo^Hbie npH6jiH:aceHHa. 

6.1 OflHOMepHfcie sa^aHH. 

^jia BemecTBeHHbix 6 n a paccMOTpHM BejiHHHHy 

A(^, a) = liminf |x| ■ \\x6 — a\\ 

(a^ecb, ecTecTBGHHO, no;],pa3yMeBaeTca, ^to x npHHHMaeT n,ejibie aHaneHHa). CorjiacHO KjiaccHnecKOMy 
peayjibTaTy F. MnHKOBCKoro (cm. |22| . TeopeMa II rjiaBbi III) ^jia jiioSmx 9, a BbinojiHaeTCfl 

Onpe^ejiHM 

x(e) = x{e, 0) 

H 

fi{9) = sup X{9, a), 

a 

Tj^e cynpeMyM SepeTca no BceM a, ne npe^CTaBHMbiM b BH;i;e aO + b c ii;ejibiMH a, b. 
A.H.Xhhhhh b paSoTe [63] flOKaaaji HepaBencTBO 



KOTopoe SbiBaeT ;],0CTaT0^H0 tohrmm. (HanpHMep, ecjin 6 3KBHBajieHTH0 HHCJiy /c, /c, ...]; sa^aBaeMOMy 
nepHO^H^ecKoii nenpepbiBHOH flpoSbio, h nenojinoe nacTHoe k jih5o paBHO eflHHHn,e, jihSo neTHO, to 
B HepaBencTBe ( l74l) HMeeT MecTO snaK paBencTBa.) H3 ( l74l ). nanpHMep, cjie^yeT, ^to paBencTBO 
/i(6') = 1/4 B03M0JKH0 TOJibKO fljia TaKHx 6, pasjiojKeHHe KOTopbix B HenpepbiBHyio ;i;po6b HMeeT 
CKOJib yroflHO 6ojibmHe nenojiHbie nacTHbie. 

B paSoTe A.5I.XHHHHHa |63| HMeeTca pafl flpyrnx peayjibTaTOB. HayneHHio MHO»cecTB SHaneHHii 
4)yHKn,HH X{6, a) h en no^oSnbix, nanpHMep, "o^nocToponnen" (J)ynKn,nn 

k{9, a) = liminf x ■ \ \x6 — 

X— > + oo 

nocB5ini;enbi paSoTbi ^jK.B.C.Kaccejica ^20], E.Bapnca |7], T.KyanKa n A.nojiJiHHrTona |27| n ;i;pyrHe. 

Cennac mm c4)opMyjinpyeM npocToii o^noMepnbin (no tcm ne Menee necBMa neTpnnnajibnbin) 
peayjibTaT, KOTopbiii coflep>KnTca nee b toh me paSoTe A. 51 Xnnnnna |60| (Satz 4). 
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TeopeMa 25. Cymecmeyem a6coA'K)mHan KOHcmaHma 7 co CAedywmuM ceoucmeoM: Sasi naatcdozo 
deucmeumeAbHoso 6 momcho naumu deucmeumeAhHoe a maKoe, umo Sam ecex uamypaAhHux x 
eunoAHEHO 

X 

Otmcthm, hto b KHHre Kaccejica [22] peayjibTaT xeopeivibi [251 HMeexcg c nocToaHHofl 7 = 1/51 
(cm. Teopeiviy XI rjiaBbi V [22] : HivieeTca HenonaTHoe saMenaHHe ko rjiabe V, b KOTopoM pe^b H^eT 06 
on,eHKe TO^Horo SHanaHHa nocToaHHoii 7; no-BH^HMOMy, HaH6ojiee to^hbih peayjiBTai npHHaflJie>KHT 
r.FoflBHHy |47)). 

B ^ajiBHeHineM mbi oGcy^HM h MHoroMepnbie oSoSmeHHa TeopeMbil25l h MOMGHTbi ee ^OKaaaTejiBCTBa, 
nocKOJibKy flOKaaaTejibCTBO Teopeivibi [25] nocjiyjKHJio OTnpaBHofi tomkoh jiflu Bcex nocjie;i;yioiii;Hx 
MHoroMepHbix peayjibTaTOB, b tom hhcjig, jiflu Teopeivi B. 5IpHHKa, o KOTopbix noH;i;eT penb b cjieflyiomeM 
nyHKTe. B ;i;ajibHeHmeM mm noroBopHM KaK h o MHoroMepnbix o6o6iii;eHHax TeopeMbi ??, TaK h o 
MOMBHTax flOKaaaTejibCTB. 



6.2 MnoroMepHfeie xeopeMfci 

B flOKaaaTejibCTBO TeopeMbi [25] oGnapyiKHjiacb CBasb Me>K^y o^Hopo^HbiMH h Heo^Hopo^HbiMH aa^anaMH 
B TeopHH jiHHeHHbix flHo4)aHTOBbix npH6jiH>KeHHH. 3Ta CBa3b nojiy^Hjia flajibHenniee pasBHTHe, 
npHHeM OKaaajiocb hto xapaKTepncTHKH CHHyrjiapnocTH cooTBecTByioinHx o;i;HopoflHbix cncTeM nrpaiOT 
pemaiomyio pojib. A. 51. Xhhhhh neoflHOKpaTHO B03Bpaiii;ajica k HCCJieflOBanHio HeoflHopo;i;Hbix jiHHeflHbix 
npnSjiHJKeHHH. B paSoTe 1936 ro^a |62) oh ^OKaaaji ocHOBonojiaraiomHH MHoroMepHbiii peayjibTai 
(TOHHee, yTBep>K;],eHHe 5bijio C(|)opMyjiHpoBaHO ^Jia npoHSBOJibnoro m, a ^OKaaano npn m = 2), 

KOTOpblii Mbl 3fleCb npHBO^HM. 

TeopeMa 26. (A.5I.Xhhhhh [62| ) 

CAedywinue dea ycAoeuH (i) u (ii) aneueaAeHmHU. 

(i) J],AH Ha6opa eemecmeeuHux hucea 61,..., 6^ eunoAHHemcH 

limsup ■ mill 11 > OixM > 0. 

1 ^« 

(ii) Ha6op eemecmeeHHUx hucba 61,..., 6m maKoe, umo Bah aio6ozo eeui^ecmeeHHOzo hucau a 
eunoAHEHO 

liminf t™' ■ min 11 } 6'ja;j — al I < +00. 

xeZ'":M(x)<t 

Bh^hm, hto ycjiOBHe (i) SKBHBajieHTHO peryjiapnocTH naSopa ([T]) c 3a;i;aHHbiM SHaneHHeM m h 
c n = 1. 

XoneTca OTMeTHTb, hto ^OKaaaTejibCTBa Bcex ^ajibneHinHx peayjibTaTOB, oScyjK^aeMbie b nacToameM 
nyHKTe, pasBHBaiOT n^en pa6oT A.5I.XHHHHHa [60|.[62j. 

B 1948 ro^y b pa6oTe [65] A.5I.Xhhhhh ^OKaaaji oSmee yTBepjK^eHne, 4)opMyjiHpoBKy KOToporo 
Mbi TOJKe xoTHM 3;i;ecb npHBecTH. 

CncTeMa nasbiBaeTca cucmeMou He6umeea ecjiH fljia jiio6oro Ha6opa Beni;ecTBeHHbix nnceji 
a = («!, an) G M" nafifleTca nocToaHnaa T = T(a) Taxaa, hto CHCTeMa flHOc^DanTOBbix HepaBencTB 

max ||Lj(x) — ^ T ■ I max \xi 

HMeeT pemeHHa co ckojib yro^no SojibniHM SHaneHHeM BejiHHHHbi maxi^j^^ 
OcHOBHOH peayjibTaT paSoTbi |65] coctoht b cjie^yiomcM. 
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TeopeMa 27. CucmeMa O mAmmcn pezyAHpnou mozda u moAhKO mozda, nosda ona mAmmcH 
cucmeMou He6uiueea. 

TeopeMa [26l c(|)opMyjiHpoBaHHa5i Bbime, TaKHM oSpaaoM, aBJiaeTca nacTHbiM cjiynaeivi TeopeMbi 
[27](n = 1). 

/l^OKaaaTejibCTBO SToii TeopeMbi homhmo opHrHnajibHon pa6oTbi A.5I.XHH^HHa [60] HajiojKeno, 
HanpHMep, b rjiaBe X KHHrn |22| . 

Cjie^yeT OTMeTHTb, hto necKOJibKO panee (b pa6oTax [52] h |53] 1939 h 1941 roflOB, cooTBeTCBTenHo; 
CM. TaKJKe [54]) B. 5IpHHK nojiynnji 6ojiee o6iii;He yTBepjK;i;eHH5i, (J)opMyjiHpoBKH KOTopbix mm 

npHBOflHM HHJKe. 

Hapflfly c "oflHopoflHon" (|)yHKn,HeH HpHHKa (l20l ) y^oSno HcnojibsoBaTb "Heo^nopoflHyio" 4)yHKn,Hio 
li^e a{t) = min max I |L,-(x) — aJ I, a = (ai, «„) G 

H 4)yHKn,Hio 

sup ^e,«(t). 

«e[o,i]" 

B onpe^ejieHHH "HeoflHopoflHoii" 4)yHKn,HH 5IpHHKa mo>kho SpaTb MHHHMyM no BceM HenyjieeuM 
BeKTopaM X. PeayjibTaT ot SToro ne nsMeHHTca. 

5IcH0, HTO 4)yHKii;H5i 51pHHKa (l20l) y;i;oBJieTBopaeT paBencTBy 

^e{t) = ^e,o(t)- 

TaK>Ke napa^y c CHCTeMoii nnceji Sy^eM paccMapHBajib TpancnonHpoBaHHyio CHCTeMy /Jjia 
4)yHKn,HH 51pHHKa ip^if)^ oneBH^no, HMeeM paBencTBO 

ibv){t) = mill max ||L*(x)||, 

r;i;e 

n 

i=i 

Bcio^y HHJKe b 3tom nynKTe npe^nojiaraeM, hto (]3yHKn,Hfl CTporo mohotohho ySbiBaeT k 
HyjiK). 05o3HaHHM nepea p{t) 4)yHKii;Hio o6paTHyio k (|)yHKii;HH t . 

CHaMajia mm c4)opMyjiHpyeM 6ojiee npocTbie peayjibTaTbi pa6oTbi [52] (leopeMy 1 h3 [52]). 

TeopeMa 28. (B.51pHHK [52]) 

IJycmb (fiyuKHUM ipit) maKoea, nmo npu ueKomopoM nojioMcumejihuoM r] (fiyHKHUM t i— » -j^^^j^f^ 
MOHomoHHO cmpeMumcH k 6ecK0HeHH0cmu nput +oo. UpednoAOMCUM, nmo npu ecex docmamoHHO 
6oAhmux SHaneHUMX t eunoAHmmcH 

i^^it) > i^{t). (75) 

Tosda Bah ecex docmamouHO 6oAbuiux SHaueHuu t eunoAueHO 

.jjtnhom] . {{m + n)\{m + n))"^ 

Ilpn iptQ = c - 1"/"* c nocToaHHoii c > h3 xeopeMbi [281 nojiyqaeM 

Cjie^CTBHe. EcAU mpaHcnoHupoeaHHan cucmeMa 'O neAsiemcH pezyAHpnou, mo cucmeMa 
H6AHemcH cucmeMou He6umeea. 

Cjieflyiomaa TeopeMa (|)aKTHMecKH ecTb peayjibTaT paSoTbi B. 51pHHKa [53] (TeopeMa 7 h3 [53], 
CM. TaK>Ke |54j - ohh OTjinnaiOTCfl ot (|)opMyjiHpyeMOH hhjkc TeopeMbi [29] TOJibKO tcm, hto b hiix ne 

BbinilCaHbl B 5IBH0M BllflC KOHCTaTHbl). 



37 



TeopeMa 29. Ilycmb npu ecex docmamoHHO 6oAhiuux t eunoAHeno 

^^(t) ^ m (77) 

Tozda HaudemcM Ha6op eemecmeeuHux Huce./i (ai, a„) maKou, umo npu ecex docmamoHHO 6oAbuiux 
t eunoAHMemcM 

B paccMaTpHBaeMOM Bonpoce sto yTBep>KfleHHe npe^CTajiaeT ocnoBHyio cjiojkhoctb. Oho bocxo^ht 
K TeopeMe A.5I.XHHqHHa[25l KOTopaa Sbijia ^OKaaana b |60j . /JoKaaaTejiBCTBO hmghho btoh TeopeMbi 
Mbi npoKOMMGHTHpyeM B cjieflyiomeM nyHKTe. 3;i;ecb jkg mm OTivieTHM ^Ba BajKHbix cjie;i;cTBHa. 

Hojiaraa iptQ = o(t~"/'"), t +00, nojiyHaeivi 

Cjie^CTBHe. EcAU mpaHcnoHupoeaHnafi cucmeMa 'O cumyAnpHa, mo cucmeMa He ecmb cucmeMa 
He6umeea. 

3to cjieflCTBHe bmcctg co cjie^CTBHeM TeopeMbi [28] npHBO^HT k yTBep>K^eHHio, KOTopoe ecTecTBenHO 
CHHTaTb flOKaaaHHbiM B. Hphhkom: 

TeopeMa 30. TpancnoHupoeaHHafi cucmeMa *Q neAnemcn pezyAnpnou mozda u moAtno mosda, 
Kosda ona neAHemcH cucmcMou Heduuieea. 

JXjih Toro, HTo6bi yGe^HTbca b SKBHBajienTHOCTH TeopeMbi [27] ^OKaaaHHoii A.5I.XiiHHiiHbiM h 
TeopeMbi 1311 ^OKaaaHHOH B. 5Iphhkom, na^o BcnoMiiHTb cjie^yiomyio TeopeMy nepenoca 113 pa6oTbi 
A.5I.XHHHHHa 1948 ro^a [641 (ona HSJiaraexca xaKJKe b KHiire [22], rji. V, xeopeMa XII) . 

TeopeMa 31. CucmeMa O cumyAnpna mosda u moAtno mosda, Kosda cumyAHpua mpancnoHupoeaHHaH 
cucmeMa 



Ho B paSoTe B.5IpHHKa 1941 ro^a [53] iiMeeTca cjie^yiomee yTBep>KfleHiie. 

TeopeMa 32. Ecau c HCKomopou noAoofcumeAbuou nocmoHHHOu 71 npu ecex docmamonno 6oAbmux 
anaueHUHX t eunoAueno 

mo c ueKomopou noAootcumeAbHou nocmoHunou 72 npu ecex docmamoHHO 6oAbmux SHaueHUfix t 
GunoAHeHO 

TeopeMbi [32] H [32] OHeBH^HblM 06pa30M SKBHBajieHTHbl! 

O ;i;pyrHx TeopeMax nepenoca noH;i;eT penb b nyHKTe [U 

CoBOKyHHoe flOKaaaTejibCTBO TeopeM [28|29l B.5IpHHKa Majio neu OTjin^aeTca ot ^OKaaaTejibCBTa 
TeopeMbi 1311 ^aHHoro A.H.Xhh^hhmm. Xhh^hh ^OKasbiBaeT cna^ajia, ^to ecjiii ciicTeMa G flBjiaeTCfl 
peryjiiipHOH, to ona ecTb ciiCTeMa HeSbimeBa. /Jjih SToro flocTaTOHHO npHMenHTb TeopeMy MnnKOBCKoro 
K CHCTeMe m + n jinneHRbix (|)opM ot m + n + 1 nepeMeHHbix Xi, Xn, yi, ym, u BH^a 

Lji^) - Vj - ^jU, j = l,...,n, Xj, j = l,...,m,u 

(sflecb cyTb HOBbie BeinecTBeHHbie napaMeTpbi). 3aTeM, c noMombio npiiMeneHHa KOHCTpyKTiiBHbix 
cooGpajKeniiii (o hhx noH^eT pe^b b nyHKTe I6.4p h coo6pa>KeHHH nepenoca, on ^OKaabinaeT o6paTnoe 
yTBepjK^enne. 5IpnnK >Ke coo6pa>Kenna nepenoca npnMenaeT b TeopeMe 1281 a KoncTpyKTnnnon 
TeopcMOH aBJiacTca TeopeMa [29] 

Tenepb o BTopoM cjieflCTBnn. Corjiacno TeopecMC ^npnxjie, ynoMnnaBinenca b caMOM nanajie 
nacToamen CTaTbn, ecjin nojiojKHTb tp{t) = to ycjiOBne Bbinojinenna nepabencTBa ([771) h3 

TeopeMbi B.5IpnnKa 1291 CTanonnTca nycTbiM ycjionneM. Tenepb b KanecTBC cjie^CTBna mm nojiynacM 
yTBep>Kflenne, HMeiomeeca b Knnre /I>K.B.C.Kaccejica (TeopeMa X rjianbi V h3 |22|): 
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TeopeMa 33. J^ah npouaeoAbuux uamypaAbHux n,m cyiu,ecmeyem noAOMCumeAhHaH nocmoHHuaH 
Tm.n, o6Aadaiow,aH CAedywmuM ceoucmeoM. /Jasi aio6ou cmcmeMU O HaudemcM HeodHopodHocmb 
(ai,. ..,«„) maKan, umo 

( Yf Y 

inf max I |Li(x) — I max \xA >rm„. 

3Ta TeopeMa aBjiaeTca HenocpeflCTBenHbiM o6o5meHHeM TeopeMbil25l. ^OKaaaHHoii A.5I.XHH^HHbiM 
B |60) . C neii CBflsana HHTepecHaa hctophh, o KOTopofi mm paccKa>KeM b nvHKTe 16 ■4[ 

B saKJiiOHeHHe HacTOflinero nyHKTa OTMeTHM, hto b aaMenaTejibHOH paSoTe B.5IpHHKa [53j HMeeTca 
eme HecKOJibKO TeopeM, o KOTopbix mm a^ecb He ynoManyjiH (b nacTHOCTH, TaM HMeeTca peayjibTaT 
MeTpHHecKoro xapaKTepa) . 



6.3 O flOKasaTejibCTBe TeopeMbi [29 



/l^OKaaaTejibCTBO TeopeMbi[33l HMeioineeca b KHHre [22] Henocpe;i;cTBeHHO nepe;i;ejibiBaeTca b flOKaaaTejibCTBO 
TeopeMbi[29l OpnrHHajibHMe paccyjKJKfleHHa B. HpHHKa necKOJibKO 6ojiee rpoM03;i;KH. Mm npHBe^eM 
3flecb cxeMy ^OKaaaTejibCTBa TeopeMbi 1291 cjie^ya KHHre [22]. HpHBO^a cxeMy ^OKaaaTejibCTBa, 
MM orpaHHHHMCfl cjiyHaeM, Kor^a Bce nncjia 9j jiHHeiiHO neaaBHCHMbi BMecTe c e^HHHiteii na^ Z 
(ncKjiioHHTejibHO fljifl yflo5cTBa H3Jio>KeHHfl, HToSbi H35e>KaTb pa35opa necKOJibKHx cjiynaeB). 

1. nocjie;i;oBaTejibHOCTb HaHJiyHinnx npnSjiHJKeHHH w,^ = {ui^^, ...,Un,u, flJia TpancnoHnpo- 
BaHHOH CHCTeMM *Q najif) "npopa^iHTb" TaKHM oSpaaoM, htoSm nojiynnjiacb nocjie;i;oBaTejibHOCTb Wiy^, 
TaKafl, HTO 

max ||L*(ui,J|| = ipte ( — ^-^^^^^ , M{u„+i) ^ 3^/nM{u^), M{u^) = max \uj^„+i\ (79) 

(cm. JieMMy 4 §6 rjiabbi V |22| hjih paccyjKfleHna h3 §2, nynKT 2 h3 |65| . hjih KOHCTpyKii;Hio JieMMbi 
1 H3 [53]). 

2. Heo6xoflHMO cjie^yiomee yTBep>KfleHHe o flHo4)aHTOBbix npnSjiHJKeHHax c JiaKynapHOH nocjie^OBa- 
TejibHOCTbK) BeKTopoB. HpHBO^^HMaa HHJKe (J)opMyjiHpoBKa B3aTa H3 |22| (jieMMa 2 §6 rjiaBa V). Ona 
Henocpe;i;cTBeHHO o6o6iii;aeT jieMMy A. 51. XnHHHHa (Hilfssatz 3 h3 [60]). 3T0My yTBepjK;i;eHHio h ero 
pa3BHTHio nocBaineH nyHKT [TSTTl noSaBJienHa b HacToaineM o63ope. 

JieMMa 2. /Jasi nocAedoeameAbHocmu eenmopoe u^. = (ui fc, m„ fc) G M", ydoeAemeopHwiu^eu 
HepaeeHcmeaM 

max l^j-fc+il ^ 3-\/ra ■ max \uj k\, 
HaildymcH eemecmeeuHue hucag ai,...a„ maKue, umo 



^ Uj^k^jW k = 1,2,3,.... 



HajiHHHe flonojiHHTejibHoro (no cpaBHenHio c cooTBeTCTByiomHMH yTBepjK^eHHaMH h3 |22) ) MHO>KHTejia 
^/n CBa3aH0 c tcm, mto mm paccMaTpHBaeM sup-HopMy, a ne eBKJiHflOBy nopMy. 

3. ^ajiee flOKa3biBaeTca, hto nncjia aj h ecTb Te caMbie HeoflHopo;i;HOCTH, cymecTBOBaHHe 
KOTopbix yTBepjK;i;aeTca b TeopeMe [29l ^Jia btofo Hcnojib3yeTca TOJKflecTBO 
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r^e, ecTecTBGHHO, 

X = (Xi, Xm) U = Un) G R"" . 

B 3T0M TOJKflecTBe (npHMeneHHOM fljia BeKTopa Uj,^, onpe;i;ejieHHoro b n.l ;i;oKa3aTejibCTBa, hhcgji aj 
H3 JieMMbi [2] H npoH3BOJibHoro BeKTopa X G M™) nepexo;i;HM k Mo;i;yjiaM h Hcnojibayeivi JieMMy [2j 

^ ^ AJf \ \\T f \ II ^ \ \ I f ^("^fc+i) 

- ^ ■ iW(Ujy^j ■ max \\Lj['x) — aj\ \ + m ■ max ■ tptQ ' 



Tenepb ecjiH no aa^aHHOMy BCKTopy x BbiSpaTb k h3 ycjiOBna 



-i^ ^ — ^ , (80) 

V 3V?^ / Smmaxi^i^m l^il V / 

TO nojiynaeTCfl 

max \\Lj(x) — aAl ^ - — — -. (81) 

Ki^n" ^ ^" ^ 8nM(u^J ^ ^ 

Ho H3 ycjiOBHa Teopeivibi ([771) h cooTHomenHa (l80l) nojiynaeivi 



Sv^^ / V 7 Smmaxi^i^m 

OTCio^a, no onpe^ejiennio (|)ynKn,HH p(-), nojiynaeivi 



p(8m max \xi\) ^ 



M(u.,; 



3^ 

no;i;cTaHOBKa nocjieflnero nepaBencTBa b nepaBencTBO (ISTll ;i;aeT hmghho (TfSll c t = maxi^j^^ \xi 



6.4 O TeopeMe [33 



B nocjie^nee BpeMa k jinnennbiM neo^nopo^nbiM flHo4)anTOBbiM npH6jiH>KenHflM snoBb npoGy^njica 
nnTepec. B nacTnocTH, Teopeivia [331 yTonnajiacB necKOJiBKHMn aBTopaMH. S^ecB mbi h3jiojkhm 
HCTopnio Bonpoca n h3jio>khm cxeiviy ;i;0Ka3aTejibCTBa nanGojiee cnjibnoro na HacToani;ee Bpeivia 
pe3yjibTaTa. 

Cjie;],yion];yio TeopeMy flOKa3aji /^.KjiennSoK |73| . 



TeopeMa 34. Hepes B o6o3HaHUM MHOofcecmeo eetnecmeeHHUx Mamputj, pasMepa (m+l) xn euda 

{9ij, rij), 1 ^m, 1 ^ j ^ n; 
Jam Komopux eunojiHHemcH HepaeeHcmeo 



inf ( max ||L,(x) — r?,!! ( max IxA > 0. 



Tosda B ecmt> MHOcncecmeo noAHOu xaycdopcfioeou pasMepHocmu e 



pmn+n 



^0Ka3aTejibCTB0 JJ^. KjiennSoKa 6biJio CBa3ano c paccMOTpenneM cnen;HajibHbix noTOKOB na neKOTopbix 
o;i;HopoflHbix npocTpancTBax. 5I.Biojko, C.Xappan, CKpncTencen n C.Bejiann [T4j ^ajin npocToe 
flOKa3aTejibCTBO pe3yjibTaTa /J.KjiennSoKa. Bojiee Toro, onn nojiynnjin 5ojiee cnjibnyio TeopeMy, 
KOTopyio Mbi ceiinac n c(|)opMyjiHpyeM. 
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TeopeMa 35. JHah npouseojihuozo Ha6opa ee^JnecmeeuHux nuce/i 

e = {6',j, 1 ^ i ^ m, 1 ^ J ^ n} 
paccMompuM MHOofcecmmeo B{Q), cocmofimee U3 eenmopoe 

iVi, ■■■,Vn) 

ma'Kux, umo 



inf ( max ||L,(x) — r7,|| 1 ( max \xj\ 1 > 0. 
Tozda B{Q) ecmh MHOotcecmeo nojiHou pasMepHocmu Xaycdopcpa e 



JXjih 4)opMyjiHpoBKH H oGcyjK^eHHfl flajibHeHniHx peayjibTaTOB neoGxo^HMO anaHHe TeopHH (a, 13)- 

Hrp B.M.IIlMHflTa. OcHOBHbie nOHHTHa H (J)aKTbI H3 3T0H TeopHH, HeoSxO^HMbie flJia HOHHMaHHa 

4)opMyjiHpoBOK Tpex nocjie^yiomHx TeopeM h ;i;ajibHeHmHx ;i;oKa3aTejibCTB h3 TCKymero nynKTa, mm 
H3JI0JKHJIH B nvHKTe [13.41 ^oSaBJieHHa. 

CeHHac Mbi (J)opMyjiHpyeM npHMeHaTejibHbiH pe3yjibTaT, KOTopbin 5biJi neflaBHO nojiyneH JX^k. 
TcenroM |137) . 

TeopeMa 36. /I,ah ak)6ozo eemecmeeHHOso hucau 6 MHOofcecmeo B, cocmoHVuee U3 eemecmeeuHux 
HuceA T] manux, umo 

inf Ixl ■ \ \9x + r?| I > 

a;eZ\{0} 

HGAfiemcfi a-euusputuHUM MHOcncecmeoM Bah aw6o20 a G (0, 1/8). 

CorjiacHO saMe^aHHio 2.3 h3 paSoTbi /]^>K.TceHra |137) . /JjK.Tcenr h M. AncHe^Jiep nojiynnjiH 
o6o5iii;eHHe Teopeivibi [36] na cjiynaH cncTeM jiHHeliHbix (|)opM npoH3BOJibHOH pa3MepH0CTH (HpenpHHT 
|37| noaBHJica cobcgm He;i;aBHo). 

B pa6oTe |108| aBTop, M0flH4)Hn,Hpya flOKa3aTejibCTBO TeopeMbi[33]nojiy^Hji cjie^yiomee yTBep>KfleHHe. 

TeopeMa 37. IJycmb a G (0, 1/2). To2da Sam a'K)6oso Ha6opa eeti^ecmeeHHUx hucca 

e = {e^ -^ 1 ^ i ^ m, 1 ^ J ^ n} 
MHOCHcecmeo B{&), cocmoMu^ee U3 eeKuiopoe 

iVi, ■■■,Vn) 

manux, nmo 



inf max ||L,(x) — ?7i|| max \xi\ > 
xeZ'"\{o} \i«:i«:n " -^^ ' '-^"J \^i^i^m ' 'J 

siBASiemcji a-euuspuuiHUM MHOCHcecmeoM e M". 

CnpaBefljiHB Sojiee o6iii;hh pe3yjibTaT: 

TeopeMa 38. IJycmb a G (0,1/2). IJymcb c^yHKit,UH ip{t) cmposo mohoitiohho y6ueaem k nyAW 
npu t +00 u nycmb p{t) ecmh (pyHKi^UH, odpamnaH k (^yHKV,uu 1 1— ^ l/ilj{t). 

/(am a'k>6ozo Ha6opa eem,ecmeeHHUx hucca paccMompuM (pyHKiifUto HpnuKa ip'B- nycmb npu 
ecex docmamoHHO 6oAbmux t eunoAHeno 



41 



Tosda MHoatcecmeo B{Q), cocmoHiu,ee U3 eeKmopoe 

iVl, -nVn) 

manux, umo 

inf I max ||L,(x) — ?7i|| | ■ p ( max ||x,| | > 

H6AHemcH a-eumpuuiHUM MHOCHcecmeoM e MJ^. 

JlerKO BH^eTb (t.k. Bcer^a ^<e(t) ^ t^"/™), hto c(|)opMyjiHpoBaHHasi TeopeMa [37| aBJiaeTca 
nacTHbiM cjiynaeM Teopeivibi [38l 

HH>Ke B 3T0M nyHKTe mbi npHBO^HM cxeMy ^OKaaaTejibCTBa nocjie^Hefl TeopeMbi. 

HtoSm nojiy^HTb ^OKaaaTejibCTBO TeopeMbi [38] na^o Bcero jiHinb nepe(J)opMyjiHpoBaTb jieMMy [2] 
o JiaKynapHOH nocjie^OBaTejibHOCTH seKTopoB h3 nyHKTa I6.4[ 

JleMMa 3. IJycmb nocAedoeameAbHocmti eeiu,ecmeeHHUx Huceji tr,r = 1,2,3,... ydoeAemeopMem 
ycAoeuto AaKynapHocmu 

^^M, r = 1,2,3,... (82) 
Oah HeKomopozo M > 1. nycmt nocAedoeameAbHocmb A C Z" it^eAouucAeHHUx eeKmopoe u^"^^ = 

tl = {ut^f + .... + {ut:^f. (83) 



(m(^^\ Mn "*) G manoea, umo 



Tozda MHOotcecmeo 

N{A) = {rj = {rji, ...,rin) G M" : 3c(?7) > manoe, umo + ... +u^n''Vn\ \ ^ c(?7) Vr G N} 

sieAsiemcn a-eumpuvuHUMU npu nacncdoM a G (0, 1/2). 

To, HTO B ycjiOBHax TeopeMbJ38] BcaKHii naSop rj G A^(A) (npn HafljiejKaineM BbiSoTe BeKTopoB 
u*-*")) SyfleT npHHa;i;jie>KaTb MHOJKecTBy B{Q), cpaay cjie;i;yeT h3 KJiaccHnecKHx apryMeTHOB ;i;oKa3aTejibCTBa 
TeopeMbi 1291 KOTopbie mm HanoMHHjiii ^iiTaTejiHM b nyHKTe . /l^OKaaaTejibCTBa nacTHoro cjiynaa 
(TeopeMbi [37]) h o6mero cjiynaii (TeopeMbi [38]) ne OTjinnaiOTCfl. 

HH>Ke npiiBO^HM cxeMy ^OKaaaTejibCTBa jieMMbi [3l 

KaK oSbiHHO, ;i;jia a, /3 G (0, 1) nojiaraeM 7 = 1 + a/5 — 2a > 0. 

PaccMOTpiiM map (b eBKJiH^OBOH HopMe; b btom ;i;oKa3aTejibCTBe BCio;i;y y^oSnee Hcnojib30BaTb 
HMeHHO eBKjiii;],OBy HopMy) B C R"c n,eHTpoM O h pa;],iiycoM p. Ero rpaHHn,y Sy^eM o5o3HanaTb 
S = dB. Hepe3 p o6o3HanaeM HopMajiH30BaHHyio Mepy JleSera na S (Tax hto jgdjj, = pS = 1). 

HycTb X E S. Onpe;i,ejiiiM n— l-Mepnoe a4)4)HHHoe noflnpocTpancTBO 7i{x) C M", KaK no;],npocTpaHCTBO 
npoxo^iamee Mepe3 xoHKy O h opToronajibHoe o;i;HOMepHOMy no^npocTpaHCTBy, npoxoflameMy Hepe3 
;i;Be TOHKH O H X. Onpe;i;ejiHM "nojiynpocTpancTBo" n(x) c rpanimen 7r(x) h TaKoe, hto x G n(x). 

/Jjifl ^aHHbix G (0, 1) paccMopTHM nojiynpocTpancTBO Ila,i3,p{x) TaKoe, ^to Ila,i3,p{x) C n(a;) 
H paccToaniie ot Ila,i3^p{x) ^o O pasHO IIojiojkiim 

n{x) = snu^,p,p{x), n*{x)= [j {y}. 

5IcH0, HTO Mepa fiil*{x) ne 3aBiiciiT ot x G S". nojio>KHM 

u = uj{a, 13) = fiQ*{x) G (0, 1). (84) 
C noMombK) coo6pa>KeHHH ycpe^HeniiH cpa3y nojiynaeM cjie^yiomnn BcnoMoraTejibHbiii pe3yjibTaT. 
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JleMMa 4. PaccMompuM npouseoAhHue a(p^uHHue nodnpocmpaHcmea tti, vr^ pasMepHocmu n — 1. 
Tosda Haudemcji mouKa x G S maKan, umo 

n Tij = 0, 

dAH no Kpauneu Mepe luk] lumyn undeKcoe j . 

Cjie^yiomaH jieMMa npHHaflJie>KHT B.M.IIlMH^Ty (jieMMa IB rjiaBbi 3 h3 KHHra |133) ). 
JleMMa 5. IJycmb t maKoeo, umo 

UpednoAOMCUM, umo e uspe ecmemujicn map nepnux Bj. UpednoAOCHCUM, umo n — l-Mepnoe 
a(p(puHHoe nodnpocmpaHcmeo n npoxodum nepes ii,eHmp mapa Bj. Tozda 6eAue Mosym mpamh 
manuM o6pa30M, umo e pesyAbmame map Bk+t 6ydem ii,eAUKOM codepotcamhCH e "noAynpocmpaHcmee " 
^a,i3,pj{,x) , 2paHuii,a Komoposo napaAACAbHa nodnpocmpaHcmey n. 



Bbi6paB napaMGTpbi 



t = t{a,p) 



' log(7/2) 
log(a/3) 



'rk = t- 



log k 



'°s(Ti) 



(85) 



r;i;e u onpeflejieHO b fl84ll . nojiynaeM 

Cjie^CTBHe. Uycmb map Bj c paduycoM pj ecpemuACH e uspe nepnux. Ilycmb UMeemcfi na6op 
acficfjunnux nodnpocmpancme rci, 1 ^ i ^ k. Tosda 6eAue Mozym mpamt maKUM o6pa30M, umo Bah 
KaMcdou moHKU x G -Bj+r^ paccmonnue om mouKU x do naotcdozo U3 nodnpocmpancme Hi, 1 ^ i ^ k 
6ydem 6oAhme, hcm ^^^I^^'^ . 



JXdJiee Bbi5HpaeM napaivieTp k = k{a,(3,M) TaKOH, hto 

iog(i/M)) 



Tk X 



logM 



+ 2<k. 



(86) 



He orpaHH^afl oSmHOCTH, mm MOJKeM npe^nojiaraTb, hto b ^onojiHeHHe k ycjiOBHio jiaKynapHOCTH 



821) BbinojiHfleTCfl 



tr+l 



1,2,3,.... BbiSop napaMCTpoB (185|86p nosBOJiaeT SejibiM bgcth 



Hrpy TaKHM o5pa30M hto aa Bpeivia nrpbi yflaBajiocb 5bi "ySeraTb" ot q = r j_i — r j < k ceMeiicTB 

{y = (l/l, Vn) e M" : U^i^'yi + ... + U^n'Vn = «}, Ct ^ Z, Tj i^T < r^+i. 



"onacHbix" noflnpocTpaHCTB BH^a 



7 HpocTpaHCTBa pemexoK 

Sa^a^H o flHo4)aHTOBbix npHSjiHJKeHHax ecTecTBeHHbiM oSpaaoM CBaaaHbi c BonpocaMH noBeflenHa 
ceMGHCTB (op5ht) HeKOTopbix pemeTOK. Ha STy TeMy HivieeTca MHoro paSoT (cm., nanpHMep, paSoTbi 
r.A.MapryjiHca h ^.KjieiiHSoKa [71], [72], [73], [74], [75], oSaop A.ropo^iHHKa [48] h jiHTepaiypy, ii;HTHpyeMyio 
B 3THX paSoTax). Hhjkg Mbi ocTaHOBHMca Ha ^Byx aa^anax, HMeioin,Hx OTHomeHHe k CHHryjiapHbiM 
MaTpHn,aM. 



43 



7.1 MeTpHHecKaa Teopeivia /l^aBepnopTa-IIlMHflTa. 



KaK OTMenajiocb b KOHii;e nyHKTa[T21 CHHryjiapHbie cncTeMbi G oSpaayiOT b nm-MepnoM npocTpancTBe 
MHO>KecTBO HyjieBOH Mepbi JleSera. To me caivioe mojkho CKaaaTb TaK. PaccMOTpHM MHO»cecTBO 
'X^ C M™", cocTOflmee h3 tgx naSopoB B, ^jih KOTopbix npn Bcex ^ocTaTOHHO Sojibiuhx SHa^eHHHx 
napaMGTpa t b KajK^ofi oSjiacTH 

{xGM": max IIL.fxlll ^ 



max ||Lj(x) 



I I -iL 1 

< max I Xj I ^ /i • t I 



(87) 



HMeTca HenyjieBaa i^ejiaa TOHKa. (Hcho, mto C npn /ii < fi2-) Tor;i;a nepeceneHHe 



^l>o 

HMeeT jie6eroBy Mepy nyjib. 

SaMenaTejibHoe ycHJieHne 3Toro (J)aKTa 6biJio nojiyneHO F./JaBeHnopTOM h B.M.IIImh;i;tom b pa6oTe 

[HQ], m 



TeopeMa 39. (r.^^aBennopT, B.M.IIlMHflT [30l, [31] ) 

/l^AJi AK)6o20 fi U3 UHmepeaAa < /i < 1 MHOMcecmeo UMeem Mepy Hi/Ab. 

OTMeTHM, HTO corjiacHO TeopeMbi ^Hpnxjie, ynoMHHaBineiica b caiviOM Hanajie Hamefi pa6oTbi, 
npH /i = 1 HMeeM Xi = M™". 

SaMe^anne. Ha caMOM ^ejie, b paSoTax paccMOTpen tojibko cjiynaii n = 1 (o^na jiHHeiiHaH 
4)opMa) HjiH m = 1 (coBMecTHbie npH5jiH>KeHHfl) ; tgm ne Menee, ^OKaaaTejiBCTBa npoxo^sT b oSmeivi 
cjiynae. B cjiynae »ce Kor^a Hm = lHn = l r.^aBennopT h B.M.IIImh;i;t ycTanoBHJiH, hto h3 
ycjiOBHa 6 G c neKOTopbiM /i < 1 BbiTCKaeT, hto 6 sBJiaeTca njioxo npnSjiHJKaeMbiM hhcjiom, to 
ecTb 

liminf > 

+00 

(b nocjieflHeii (J)opMyjie, ecTecTBGHHO, npe^nojiaraeTca hto q npHHHMaeT n,ejibie ana^eHHa), hjih, hto 
TO JKe caMoe, nenojiHbie nacTHbie paajioJKenHa 6 b n,enHyio ^po5b orpanHHeHbi. OaKTHnecKH 3tot 
peayjibTaT CBaaan c npHMeneHHeM 4)opMyjibi (|46|1 . 

/l^OKaaaTejibCTBO TeopeMbi [39] b cjiynae n = 1 (J)aKTHHecKH ocnoBbiBaeTca na cjie;i;yioiii;eM yTBepjK;i;eHHH. 



TeopeMa 40. (B.M.IIlMHflT \T29\ ) 

PaccMompuM nocAedoeameAbHocmh namypaAbHux hucea N^, eoapacmatow^ux k decKOHeuHocmu. 
/I^AM Ha6opa eemecmeeuHux hucca 6 = {9^, ....,6'™) G paccMompuM pememKy 



A(e,iV) = A{e,N)Z' 



m+l 



sde Mampuv^a A{&, N) ujueem eud 













■ 


\ 












■ 














■ 




\ 








■ A^*" 


/ 



Tosda Bah noumu ecex (e cmucae Mepu Jledeza) Ha6opoe B G M™ nocAedoeameAbHocmb peuiemoK 

A(e,iV,), u= 1,2,3,... 
ectody nAomna e npocmpaHcmee pememoK e W^^^ c onpedeAumeAeM 1. 
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Cjiy^aH m = 1, CBHsaHHbiii c paccMOTpeHHeM pemeTOK BH;],a 



/ 





• 


■ 


\ 






■ 


■ 




NT^e2 





A^^ ■ 


■ 









■ 


■ 


I 



e 



(88) 



B opHrHHajibHOH paSoTG |31| nojiy^aeTCH h3 cjiynaa n = 1 c noMombio tcxkhkh nepenoca. 

B nacToameii CTaTbe mm ne Sy^eivi B^aBaTbca b no^poGnocTH, KacaiomHeca npocTpancTBa pemeTOK 
H BonpocoB cxo;i;hmocth b HeM. OTMeTHM, jiHinb HTO KJiaccHHecKHe paSoTbi K. Majiepa [91j,[92j na 
3Ty Teiviy HSJiojKeHbi b rjiaBe V MOHorpa4)HH ^jk.B. C. Kaccejica |23| . Cjie^yeT TaKJKe CKaaaTb, 
HTO pafl peayjibTaTOB TeopHH flHo4)aHTOBbix npnSjiHJKeHHH OKaaajica CBaaanHbiM c paccMOTpeHneM 
cnen,ajibHbix ^HHaiviH^ecKH chctgm na npocTpancTBax pemeTOK h nojiynnji CBoe pasBHTHe b paSoTax 
/]^.KjieHH6oKa. B nacTHOCTH, b paSoTe [75j nojiy^eno o6o5meHHe TeopeMbi /JaBeHnopTa-IIlMH^Ta, o 
KOTopoii HflGT peHb B HacToameM naparpa4)e. 



7.2 Sa^ana o nocjie/i,OBaTejibHbix MHHHMyMax. 

HycTb ^ana pemeTKa A C h BbinyKjioe 0-CHMMeTpHHHoe tcjio Vl C M'^. BejiHHHHbi 

/i/(f2,A) = inf{t : tVt co^epjKHT I jiHneHHO neaaBHCHMbix to^gk pemeTKH A}, 1 

HasbiBaiOTca nocjiedoeamejibHUMu MUHUMyjuaMu pemeTKH A OTHOCHTejibHO Tejia f2. SnaMeHHTaa 
BTopaa Teopeivia MnHKOBCKoro o BbinyKJiOM Tejie (cm., nanpHMep, rjiaby VIII h3 [2^ hjih rjiaBy h3 
IV |133| ) yTBepjKflaeT, ^to 

— ■ detA < /ii(n, A) ■ ■ ■ /id(fi, A) ■ mesfi ^ 2'^detA. 
a! 

B HacToameM nynKTe mm orpanH^HMca paccMOTpenHeM aa^anH o coBMecTHbix npnGjiHJKeHHax, to 
ecTb cjiy^aeM m = 1. TeopeMa /^HpHxjie, o jiHHeHHbix 4)opMax, ynoMHHaBinaaca b na^ajie Hameii 
paSoTM, MOJKeT 6biTb nepe(|)opMyjiHpoBaHa b stom cjiynae cjie^yiomHM o6pa30M. PaccMOTpHM kj6 
E = [-1,1]"+^ C M^^^ H fljia HaSopa 9 pemeTKy A*(6, A^), onpeflejieHHyio b (l88|). Torfla fljia 
jiio6oro BemecTBeHHoro N ^ 1 BbinojinaeTca 

l2,{E,A*{e,N)) ^ 1. 

KaK OTMe^aji B.M.IUmh^t |132| . jierKO BH^eTb, hto ^Jia Ka>Kfloro fc, 1 ^ /c ^ n Han^eTca nocjie^OBaTejibHOCTb 
BemecTBeHHMx ^Hceji N,^, CTpeMamaaca k GecKoneHHOCTH Taxaa, hto 

fik{E, A*(e, AT,)) = fi,+,{E, A*(e, N,)). 

B ^acTHOCTH, npH n = 1 H3 TeopeMbi MnnKOBCKoro nojiynaeM, hto 

1 < fii{E,A*{e,N))- fi2{E,A*{e,N)) < 1 

H, cjie^OBaTejibHO, ne mo^kct 5biTb htoGm liiiiTv^+oo /^i(-£'; ^*(0; ^)) = 0. Ho ecjiH tt, > 1 to ^ajxe 
j^jisi jiHHeiiHO HeaaBHCHMbix BMecTe c e;i;HHHii;eH nnceji 6'i, mo^kct OKaaaTbca, hto 

lim /i„_i(E,A*(e,Ar)) = 0. 

(Ha6op B B 9T0M cjiynae cjie;i;yeT 6paTb h3 TeopeMbi [H c Ha;i;jiea<;aiii;HM Bbi6opoM (J)yHKii;iiii ip.) 

AbTop B |112| flOKaaaji cjie^yiomyio TeopeMy, OTBeTiiB TeM caMbiM na Bonpoc, nocTaBjienHbiii 
B.M.IIlMii^tTOM [T32] . 
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TeopeMa 41. IJycmb 1 ^ k ^ n — 1. Tozda naudemcH Ha6op O = (^i, ...,6'„) eevj^ecmeeHHUx hucba 
manou, umo 

• l,6i, ...,6n AuuneuHO nesaeucuMU Had Z; 

• jJikiii N) ^ Q npu N — i> +oo; 

• jJLk+iiii N) +00 npu N — i> +00. 

T^OKaaaTejibCTBO btoh TeopeMbi b o6meM cjiy^ae ^ocTaTo^no rpoMoa^KO. B cjiynae k = 1 
flOKaaaTejibCTBO BecbMa npocTO. Oho H^eiiHO oneHb noxo>Ke na ^OKaaaTejibCTBO TeopeMbi 1181 

SaMenaHHe. JlerKO BHfleTb, hto yTBepjK;i;eHHe TeopeMbi [4T] CTanoBHTca TpHBiiajibHbiM, ecjiii ne 
TpeSoBaTb BbinojiHeniia ycjiOBiia jiiiHefiHoii HeaaBiiCHMOCTii na^ Z. 

OTMeTiiM B saKJiiOHeHiie BToro nyHKTa, hto neflaBHO ycHJieniie TeopeMbi [4T]aHOHCHpoBaji H.HeyHr. 

8 TeopeMbi nepenoca. 

TeopeMbi nepenoca - sto yTBepjK;i;eHH5i o tom, hto ecjiii ciiCTeMa G o6jia;i;aeT neKOTopbiMH ;i;HO(|)aHTOBbiMH 
CBOHCTBaMH, TO H TpaHcnoHHpoBaHHaa ciiCTeMa O* TOJKe o5jia;i;aeT neKOTopbiMii ;i;iio(J)aHTOBbiMH 
CBoiicTBaMH. npocTenmaa TeopeMa nepenoca, Kacaiomaacfl cnnryjiapnbix cncTCM yace ynoMnnajiacb 
naMn b nynKTC 16.21 (TeopeMa 1311 ) . yTBepjK^ennfl o cnaan o^nopo^noii aa^ann ^jih chctcmbi 'O h 
neo^nopo^noii aa^ann ^jia cncTCMbi B (Taxne, KaK TeopeMbi 1271- 1331) tojkc mojkho HHTepnpeTnpoBaTb 
KaK TeopeMbi nepenoca. Teopnn nepenoca nocBaineno orpoMnoe KOJinnecTBO pa6oT. Cjieflyiomnn 
cnncoK nnKonM oSpaanM ne npeTen^yiomnn na nojinoTy, tcm ne Menee flacT ncKOTopoe npe;i;cTaBJienne 
o TOM, KaKne MaTCMaTHKn n b cbh3h c KaKHMH BonpocaMH sannMajincb nepenocoM (5ojiee noflpoSnyio 
6H5jiHorpa(J)Hio MO>Kno nonepnnyTb KaK pas h3 ynoMnnacMbix nH>Ke paSoT). 

• KjiaccH^ecKne peayjibTaTbi A.5I.XHnHHna o flHO(J)anTOBbix SKcnonenTax ^jia "oSbi^nbix" flHO(|)anTOBbix 
npnSjinjKennn [59], [60]; o5iii;nH cjiynan, paccMOTpennbin O.^anconoM [36]; TonnocTb on;enoK A.5I.XnnnHna, 
^OKaaannaa B.5IpnnK0M |57| . 

• TeopeMbi nepenoca ^Jia cnnryjiapnbix chctcm (pa6oTbi B.5IpnHKa |51j . A.An(J)ejib6eKa [4], 
M.Jlopana n 5I.Bio>ko [89]. [9n|. [T9].). 

• TeopeMbi nepenoca p,Jisi npH6jiH>KenHH pan,Honajibnbix nnceji (paSoTbi H.M.KopoSona [84].|85)): 
nnTcpec k TaKoro po;i;a 3a;i;anaM noannjica b CBaan c Teopneii npnSjinjKennoro nnTcrpnponanna. 

• TeopMbi nepenoca, TaK njin nnane cnaaannbie c npnMcnennncM TpnronoMeTpnnecKHX cyMM. 
Onn nMCiOTca, nanpnMcp, y A.O.rejib(J)on;i;a [45], B.M.IIlMn^iTa n lO.Bana |134| . lO.B. KamnpcKoro 
|70) . 3tot noflxofl ocnoBbiBacTca na pa5oTe K.Jl.Snrejia [124j. 

• Bojiee TonKne peayjibTaTbi Tnna napenoca, cnaaannbie c npH5jiH>KenHaMH pan,HonajibnbiMH 
no;i;npocTpancTBaMn (paSoTbi B.M.IIlMn;i;Ta |127| . M.Jlopana [89], M.Jlopana n 51.Bio>ko [T9]). 

KjiaccnnecKne peayjibTaTbi nsjioacenbi b Knnrax ^jK.B.C.Kaccejica |22| (rjiana V) n B.M.IIlMnflTa 
[l33](rjiaBa IV). 

B nacToameii paSoTC nac nanSoee nnTcpecyiOT TeopeMbi nepenoca ^Jia cnnryjiapnbix cncTCM, to 
ecTb cnaaannbie c noBe^enneM nejinnnn Tnna 

limsup ip{t)tpQ{t), 

t— >+oo 

r^e Lp{t) ecTb ncKOTopaa 4)ynKn,na, a ^/'e ecTb (J)ynKn,Ha 51pnHKa ( l20l ). 3to peayjibTaTbi B.51pnnKa 
n A.An(J)ejib5eKa n TeopeMbi, ne^anno nojiynennbie M.JlopanoM n 51.Biojko. 

TcM ne Menee mm nanncM c Toro, hto npnnefleM KJiaccnnecKne TeopeMbi A.51.Xnnnnna n O.^ancona. 

llpejKfle ncM 4)opMyjinpoBaTb peayjibTaTbi, nanoMnnM onpe^ejienne SKcnonenTbi a(0) - bto 
cynpcMyM tcx 7, ;i;jia KOTopbix Bbinojineno 

lim sup t'^'i/'e (t) < +00 

t— >+oo 
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Sflecb me nanoMHHM onpe^ejieHHe 3KcnoHeHTbi P{Q), KOTopaa ecTb cynpeMyM Tex 7, fljia KOTopbix 

BbinOJIHGHO 

\immit'~'ipe(t) < +00 

t—*+oo 

(3TH onpeflejieHHs yme HcnojibsoBajincb y nac b CTaTbe b nyHKTe[5|). 
8.1 TeopeMbi A.H.XnHHHHa h O./^aiicoHa 

TeopeMy nepenoca fljia noKaaaTejien /3(B) ji^jisi CHCTeivibi = {6^, 6^) G h TpancnoHnpoBaHHOH 
CHCTeMbi 'O A.5I.Xhhhhh ^OKaaaji Bce b Toii jkg SHaMeHHTofi paSoTe [60| . 

TeopeMa 42. fl,jiH Ha6opa 9 = {9^, ...,6'™) G M™' eunojinnemcH 

'3(e) <,3(a)<'3W-'»+\ (89) 



(m — 1)[3(6) + m m 
PeayjibTaT O./^aficoHa |36| (npocToe flOKaaaTejibCTBO ecTb y A.5I.XHHHHHa b |66| ) Bbirji5i;i;HT TaK: 
TeopeMa 43. iTptt npouaeoAbuux aHaueHmfix pasMepHocmeu m,n dAn Mampuv^u Q eunojiHuemcH 

(m — l)p(B) + m 

EcTecTBGHHO, TeopeMy [42] mojkho nojiy^HTb, npHMeHHB ^sa paaa TeopeMy [43] (flJifl MaTpHn,bi- 
CTpoKH H fljifl MaTpHn,bi-CT0Ji6n,a) . 

8.2 PesyjibTaTbi B.^pHHKa h A.Anc|)ejib6eKa 



PaSoTa B.5IpHHKa |51| nocBainena TeopeiviaM nepenoca, CBaabiBaiomHM cjiynan m = 1 h n = 1. Mbi 
npHBe;i;eM o6iii;hh peayjibTaT (TeopeMbi [H] [45l b opnrHHajibHOH paSoTe [51] - Satz 7 h Satz 8) h 
nepeHHCJiHM neKOTopbie ero cjie;i;cTBHa. By^eM paccMaTpHBaTb BeKTop-CTpoKy 



e = (e\...,^'"), m ^ 2 

H (|)yHKIi;HH 

^e(i), ^*e(^)- 

TeopeMa 44. Uycmb hucau 1,9^, ...,6"^ AuneuHO nesaeucuMU Had Z. Uycmh K ecmt HeKomopan 
noAOMCumeAbHan nocmosiHHafi. nycmt (fiyHKii^uji (p{t) eoapacmaem, u ^yuKHUH t i— > t ■ {(p{t))~^ 
MOHomoHHO eoapacmaem k 6ecK0HeHH0cmu. Uycmb eunoAHHemcsi 

limsup (y9(t)'?/'t0(t) < K. 

Tozda 

(i) eunoAHfiemcH Hepaeencmeo 

limsupr-V(i'") ■ Mi) ^ m^'^K; 

t— >+oo 

(ii) ecAU CHce useecmHO, nmo ip(t) ^ npu ecex docmamoHHO 6oAbmux SHaneHUHX t u 
(pyHKiifUH p{t) ecmb odpamnaH k (fiyHKU,uu t y-^ t ■ {ip{t))~^ , mo eunoAHeno 

limsupt'^-V (-^] ■tlje{t) ^ m"(ir+ 1); 



2K 



47 



TeopeMa 45. IJycmb HUCAa 1,0^, ...,6'^ JiuneuHO neaaeucuMU Had Z. Uycmb K ecmb HeKomopan 
noAOCHCumeA'bHaH nocmoHHuaH. Uycmb (pyHKV^UM ip{t) eoapacmaem k +oo npu t +oo. Uycmb 
p{t) ecmb (pyHKitfUH o6pamHaH k (fjyHKV^uu t i— >■ t(p~^(t). UpednoAOCHCUM, umo 



t— >+oo 



Tosda 

(i) eunoAHfiemcH Hepaeencmeo 



1 

m — 1 



limsup ^ ■ ^te{t) ^ 3m\K + 1); 



t— >+oo 



pitK 



(ii) KpoMC moso, ecAU eunoAHCHO (p{t) ^ ^^(2™ 3) ^ ecAU npu docmamouHO 6oAbmux anaueHUHX 
t (pyHKbiiUH t ^ ip{t) ■ ^"2™+^ eospacmaem, a 4>y'HKii,UH pi(t) ecmb odpamnan k neu, mo 

Pi[tK ) J 

OT^ejibHO oScyflHM cjiynaH m = 2. B 3tom cjiynae corjiacHO (fTSjl HMeeivi 

V^.e(t)t^ ^ 1, V^eWt' ^ 1- 

TaKHM o6pa30M, cjie;i;yeT HcnojibsoBaTb yTBepjK;i;eHHe (ii) Teopeivibi [44] h yTBepjK;i;eHHe (ii) Teopeivibi 
[45l nojiynaeTca 

Cjie^CTBHe 1. (Satz 2 h3 [51] ) 

(i) Uycmb t^yHKUfUH ip(t) maKoea, umo (pyHKii,UH t ^ t^^ipit) eoapacmaem, u npu docmamoHHO 
6oAbmux t eunoAHnemcH ip{t) ^ . Uycmb 

limsup V9(t)'?/'0(t) < K. 

t— >+oo 

Tozda Bah ^yuKu^uu p{t) odpanmou u ip{t) umccm 

limsup ■ ^te{t) < 12{K + 1). 

t^+oo p[tK) 

(ii) Uycmb (pyHKU,UH (pit) manoea, umo (pyHKU,UH t i— > tp{t)^^ eoapacmaem, u npu docmamoHuo 
6oAbmux t eunoAHMcmcsi (p{t) ^ . Uycmb 

limsup V9(t)?/'t0(t) < K. 
To2da dAH (fiyHKU,uu pit) o6pamHou k (pyHKU,uu t tip(t)~^ umccm 

limsup/) (-^) ■^e(t) <4(K + 1). 
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HocjieflHee cjie^CTBHe nanSojiee HSBecTHO b Ka^ecTBe yTBepjK^eHHa o flHO(J)aHTOBbix SKcnoneHTax. 
C yneTOM onpeflejieuHa BJiHHUHbi a (6) cjie;i;cTBHe 1 npeBpani;aeTca b 
Cjie^CTBHe 2. (Satz 1 h3 [51]) Upu m = 2 eunoAueno paeencmeo 
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Otmgthm, hto A.5I.Xhh^hh b paSoTe |66| npHBO^HT npocToe h KopoTKoe flOKaaaTejibCTBO paBencTBa 
B.5IpHHKa (I9TD . 

HpHBefleM cjie;i;cTBHe xeopeM [44ll45l Kacaiomeeca ;i;HO(i)aHTOBbix BKcnoneHT a{Q),a{'Q) b cjiynae 
npoH3BOJibHoro 3Ha^eHHfl pasMepHOCTH m: 
CjieflCTBHe 3. (Satz 3 h3 [51] ) 
(i) Bcesda eunoAHMiomcM Hepaeencmea 

If m \ a(6) 



1 / Tfl \ 

a(e)^(m-l)+maCe), a^e) ^ 1-^ 

m — \ \ [m — l)a(c)) + m / 

(ii) ecAu a^O) > mo 
(ii) ecAU a{Q) > m{2m — 3), mo 



(m — l)a{Q) + m J (m — l)a(0) + m' 
1 



q; 



'^'®''^m-l(^ «(e)-2m + 4)' 



EcTeCTBGHHO, CJIG^CTBHe 2 MOJKHO BOJiyHHTb, nOJIOJKHB B CJIG^CTBHH 3 m = 2. 

A.An(J)ejib6eK [4] o6o6mHji TeopeMbi [44f45] na cjiy^an npoHSBOJibHbix m, n: 

TeopeMa 46. (A.An(|)ejib6eK [4]) Uycmb Mampuna HeeupoMcdena. Uycmh K - noAOCHCumeAbHoe 
HUCAO u ^yHKV)UH ip(t) eospacmaem k +oo npu t +oo. Uycmh eunoAHHemcn 

limsup (y9(t)'?/'0(t) < K. 

Tozda 

(il) npu m = 1 eunoAHHemcH nepaeencmeo 

limsupT-V ( 2(n-l) ) " W ^ 2(n + 1)7^; 



(i2) npu m > 1 eunoAunemcH nepaeencmeo 



1 

m — 1 



t— >+oo 



( m-1 



1 

m — 1 



1 



2(9e p(t) o6o3naHaem c^ynKU,UK),o6pamny'io k (pynKU,uu t y-^ {t"^{{p(t))"^ i^m+n-i 
(ii) ecAU Mce npu m> 1 useecmno, nmo 

^(t) ^ 2'"+"-2irt^ 



npu ecex docmamonno 6oAbmux snauenusixt u (f)ynKU,UH t t-^ t ^ (p{t) eospacmaem, mo eunoAneno 



1 

m — 1 



limsup I — . I ■z/'0(t) ^ 3(m + n) 



Pi f K "1+1-2 t 

2(9e piit) o6o3naHaem ^yHKU,u'to,o6pamHy'io k (pynKU,uu 

/ _ (m-2)(2m + n-3) N 



m— 1 
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5IcH0, HTO H3 TeopeMbi 1461 nojiynaeTCfl cjie^CTBHe o flHo4)aHTOBbix SKcnoneHTax a{Q),a{*Q). 

CjieflCTBHe (Teopeivia 6 h3 [4]) 

(i) Upu npouaeoAhHux m, n eunoAHeno 



(m — l)a(9) + m' 
(ii) ecAU m > 1 u u3eecmHO,Hmo 

2(m + n — l)(m + n — 3) + m 

a(Q) > — 

n 

mo 

/fr^\ ^ 1 f n(na(Q) — m) — 2n(m + n — 3) \ 

m\ {m — l){na{Q) — m) + m — {m — 2){m + n — 3) ) 

A.An4)ejib6eK b paSoTe [4] ;],0Ka3aji TaK>Ke, ^to b cjiynae a (9) = +oo HepaBencTBO a^S) ^ -^^^ 
(KOTopoe ;i;aeT cjie^CTBHe TeopeMbi [46l) asjiaeTca TOHHbiM (Teopeivia 11 h3 [4j, ee ;i;oKa3aTejibCTBO 
ocHOBbiBaeTca na nocTpoeHHH ciinryjiapHbix MaTpiiii; G cneii;iiajibHoro Bii;i;a). 

8.3 TeopeMbi M.Jlopana 

B pa6oTe |89j M.Jlopan nojiynaeT cjieflyiomHH pe3yjibTaT. 

TeopeMa 47. ^yi^ aKcnoHenm deyMepnux duocfiaHmoeux npu6AUCHceHuu UMeem Mecmo CAedywmee. 

(i) JJaji npou360AbHou eenmop-cmpoKU & = {6^,6'^) G M^, manou, umo dim^G = 3 Bah eeAuuuH 

w = a{Q), u;* = aCG), i; = /5(G), = /J^G) (92) 
(onpedeAEHUH Komopux mu npueoduAU u e nyHKme \5.3[ u e nyuKme lS. eunoAHenu coomHomeHUH 

1 viw — 1) ^ V — w + 1 
1 — W* V + w w 

(ii) /Jasi npouaeoA'bHozo Ha6opa U3 uemupex uuceA {w, w*, v, v*), ydoeAemeopnwiu^ezo coomHoiaeHunM 
( f^j naudemcH eenmop-cmpoKa G = {6^,6'^) G M^, dinizG = 3 maKan, umo eunoAHeno ([H 



CKajKeM HecKOJibKO cjiob o Teopeivie [471 HepBoe cooTHomeHiie ii3 (l93ll ecTb cjie^CTBHe TeopeMbi 
MnHKOBCKoro (fTSl) : BTopoe cooTHomeHne ecTb pe3yjibTaT B.5IpHiiKa - cjie;i;cTBiie 2 TeopeM [44f45l 
Tpexbe cooTHomeHHe ^0Ka3biBaeTca M.JlopanoM c noMombio paccMOxpeHHa nocjie^OBaTejibHOCTeii 
HaHjiyHniHx npH6jiH>KeHHH ii c Hcnojib30BaHHeM cooTHomeHHa B.5IpHHKa (I9ip . npiina^JieiKamHe 
B.5IpHHKy cjie^CTBHe TeopeMbill9lH3 nyKKTa FS-ll H cjie^CTBiie TeopeMbi EH 113 nyHKTa r5.3l (ecTecTBeHHO. 
npH 171 = l,n = 2 n m = 2,n = 1, cooTBeTCTBeHHo) MoryT 6biTb nojiynenbi h3 yTBepjKfleniia (i) 
TeopeMbi [471 YTBepiKfleHiie (ii) TeopeMbi [47l b nacTHOCTii, noKa3biBaeT, hto cjie^CTBHa TeopeM 
B.5IpHHKa H3 nyHKTOB I5.H5.3I npn m = l,n = 2Hm = 2,n = l coflep>KaT TO^Hbie (neyjiy^maeMbie) 
on,eHKH. Bojiee xoro 113 TeopeMbi [471 BbiTeKaeT. hto napbi Bejiirain (a(G),/?(G)) 11 (a^G), /S^G)) 
MoryT npHHHMaTb jiioSbie ^onycTHMbie (to ecTb, corjiacyioiii,HecH c HepaBencTBaMii (I93p ). 3Ha^eHHa. 

OSoSmeHiie TpeTbero HepaBencTBa h3 ([93ll na cjiynaH o;i;hoh jiHHeHHon 4)opMbi ot m nepeMennbix 
iiMeeTca b paSoTe M.Jlopana [90]. Oho Bbirjia^Tii cjie;i;yioiii;iiM o5pa30M. 



TeopeMa 48. JI(aji eeKmop-cmpoKU G = {9^, ...,^™'),m ^ 2 c ycAoeueM dim^O = m + 1 eunoAHeno 
(a(G) - 1)/3(G) ^ ^^^^ ^ (l-c.(^))/3(G)-m + 2-a('G) ^^^^ 



((m - 2)a(G) + 1)/3(G) + (m - l)a(G) ^ ^ ^ rn 
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B CBGTe paBGHCTBa B.5IpHHKa (19ip npn m = 2 cooTHomeHHe (I94p coBna^aiOT c TpeTbHM cooTHomeHHeM 

H3 (Ell). 

Ha (fTSll . OHeBH;i;HO, HivieeM 

a(Q) ^ m, a^e) ^ — . (95) 

m 

B cjiynae, Kor;i;a b o6eHx HepaBencTBax (l95l) HivieeT mgcto paBencTBO, HepaBencTBO M.JlopaHa (l94l) 
coBna^aeT c HepaBencTBOM A.5I.XHHHHHa ( 190p . Ecjih >Ke HSBecTHO, hto nepaBencTBa b ( 195^ CTporne, 
TO HepaBGHCTBO M.Jlopana ( l94ll Sy^eT CHjibnee, hgm HepaBencTBO A.5I.XHHHHHa ( l90l) . TaKHM o5pa30M, 
TeopeMa [48] yTBep>KflaeT, hto TeopeMa [42] mokgt Sbitb ycHjiena fljia CHnryjiapHbix naSopoB B. 
ABTopy HensBecTHO, HivieeTca jih anajiornHHoe ycHJieHne TeopeMbi O.^aficoHa (nMeeTca b BH;i;y 
TeopeMa [43l) . CBaaaHHoe c paccMOTpeHneM CHHryjiapHbix MaTpnii; G . 5Icho, hto TaKoro po^a 
peayjibTaT flOJi>KeH HMeTb mbcto. 

yTOHHCHHe npHBe^eHHbix peayjibTaTOB M.Jlopana HMeiOTca y 51.Bio>ko h M.Jlopana |19| . 

9 O pasMepHOCTH Xayc/i;opcJ)a MHo:acecTB CHHryjiapnbix CHCxeM 

O TO^Hbix 3Ha^eHHax H on,eHKax pasMepnocTH Xaycflop4)a MHoacecTB CHHryjiapnbix MaTpnu, HSBecTHO 
He TaK MHoro. HH>Ke mm nepenncjiHM neKOTopbie peayjibTaTbi. OTMeTHM, ^to pa^ aa^an, CBHsanHbix 
c OTbicKaHHeM pasMepnocTeH Xaycflop4)a nocTabjien S.Biojko h M.JlopanoM |16| . HacKOJibKO nsBecTHO 
aBTopy, B ocHOBHOM, HCCJieflOBajica tojibko cjiynaii n = 1, npn^eM nojiyMenbi TOJibKO oii;eHKH pasMepnocTH 
Xaycflop(J)a. HcKJiiOHeHHeM aBJiaeTca pa6oTa H.Heynra, b KOTopofi nojiynen cjieflyiomHH aaMenaTejibEbiH 
peayjibTaT. 

TeopeMa 49. (Il.Meynr [25]) Xaycdopcfioea pasMepHocmb cumyAHpnux cucmeM (e cmucae onpedeAenuH 
XuHHUHa npu n = 2,m = 1) euda ^ ^ paeua 4/3. 

Ho npHHHHe nepenoca bh^hm, hto b TeopeMe [49] mojkho roBopHTb o xayc;i;op4)OBOH pasMepnocTH 
CHHryjiapHbix CHCTeM {6^, ^^), n = 1, m = 2. 

T^ajiee mm Gy^eM paccMaTpHBaTb MHOJKecTBa Em{a) CHnryjiapHbix BeKTopoB G = [6^, ...,6"^) (to 
ecTb cjiy^an npoHSBOJinoro m ^ 2 h n = 1), onpe^ejienHoe cjie^yiomHM oSpaaoM: 

Em{a) = {G G M™ : lim rtpeit) = 0}. 

t— >+oo 

C4)opMyjiHpyeM nanGojiee TOHHbie nsBecTHbie aBTopy oii;eHKH CHHsy h CBepxy xayc;i;op(J)OBOH 
pasMepnocTH. 

Cjie^yiomHH peayjibTaT npHHaflJie>KHT P.K.BeftKepy [6]; oh yjiy^maei Hpe^mecTByiomHe peayjibTaTbi 
P.K.BeHKepa [5], K.I0.5lBHfla |141) (oh nepBMH npHBeji KOHTpnpHMep k Hpe^HOJiojKeHHio P.K.BeiiKepa 
o TOM, HTO xayc;i;op(J)OBa pasMepnocTb MHOJKecTBa CHHryjiapnbix BeKTopoB HpesBbiHaHHO Majia, 
cc|)opMyjiHpoBaHHOMy B [5], OflnaKO saTeM peayjibTaT K.I0.5lBHfla Smji KOAUuecmeeHO yjiynmeH B.Phhhom) 
H B.PHHHa [T22] . 

TeopeMa 50. (P.K.BefiKep [6j) Upu m ^ 3 u a > m Bah pasMepHocmu Xaycdopcpa MHOcncecmea 
Em{a) eunoAHnemcH o%eHKa CHuay 

HDE^(a) ^ n-2 + n/a. 
On;eHKy CBepxy nojiynnji B.Phhh |123| . yjiynmnB peayjibTaT P.K.BeHKepa h3 [5]: 
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TeopeMa 51. (B.Phhh |123| ) IJpu m ^ 3 u a > m Sam pasMepHocmu Xaycdop^a MHOotcecmea 
Em{ci) eunoAHnemcH ov^eHKa ceepxy 

RBEmia) ^n-2 + {2n + 2) /{a + 1). 

B cjiynae m = 2 o6e HaHJiyMinne oii;eHKH (Bepxnaa HivieeTca b [6j , HHJKHsa cjieflyeT h3 peayjibTaTa 
paSoTbi [5]) HeKOTopoe Bpeivia npHHafljiejKajiH P.K.BenKepy: 

TeopeMa 52. (P.K.BenKep [5], [6]) /I,jih pasMepHocmu Xaycdop(pa MHOMcecmea E2{a) eunoAHnmrncsi 

0%eHHKU 



a a + 1 

HH>KHflH on,eHKa TeopeMbi 1521 no-BH;],HMOMy, HBjiaeTca HaHjiyHineii HSBecTHofi chx nop. 

npHMenaa paBencTBO B.5IpHHKa (iQlll . HepaBencTBO (l58ll h3 cjie^CTBHa xeopeivibi [TOl (xoace npHHa;i;jie>Kaiii;ee 
B.5IpHHKy) H nacTHbiH cjiynaH (n = 2,m = 1) yTBepjK;i;eHH5i, HMeiomeroca b paSoTe M.M./^o;i;coHa 
|32| (xeopeMa [53l HHace) . 5I.Biojko h M.JlopaH b paSoTe [16] BbiBO^aT HepaBencTBO 

— a + 1 

6ojiee CHJibHoe, hgm Bepxnaa oii;eHKa h3 TeopeMbi [52l ToHHee, b [16] ;i;oKa3aHO, hto 

3a 



HD{0 G R"', a{Q) ^ a} ^ 



2-a + l' 



npHBe;i;eM o5iii;yio (|)opMyjiHpoBKy HcnojibsoBaHHoro peayjibTaia h3 [32] . HanoMHHM, mto noKaaaTejib 
o6o3Ha^aeT cynpeMyMbi Tex 7, ^jia Koxopbix Bbinojineno 

\im.i'n.if%l)Q{t) < +00. 

t— ++00 

TeopeMa 53. IIpu KacncdoM t > m/n MHOcncecmeo 

WmAr) = {© : ^ r} 

UMeem paaMepHocmt Xaycdopcfja 

HD2n^,„(r) = (m-l)n + ^^. 

r + 1 

HpHBe^eM eme ^sa npocxbix cjieflCTBHH h3 c(|)opMyjiHpoBaHHbix Bbime pe3yjibTaT0B. H3 xeopeivi 



l50ll5Tl ^jig MHOJKecTBa 

Emioo) = Pi Emia) 

nojiynaexca cjieflyioin;ee 

Cjie^CBTHe 1. /(am pasMepHocmu Xaycdoptpa MHOcncecmea Em{oo) eunoAHeno 

EDEmioo) = n~2. 



OxMeTHM TaK>Ke, HTO H3 xeopeMbi [50 nojiy^aexca 

Cjie^CTBHe 2. PasMepHocmt Xaycdopcfia MHOCHcecmea ecex cumyAHpnux (e cmucae onpedeAenuH 
A.H.XuHHUHa) npu n = 1 u npouaeoAbuoM m ^ 2 ov^eHueaemcH CHuay eeAUHUHOu m — 1. 

B 3aKJiiOHeHHe HacToainero nynKTa xoneTca cocjiaTbca na KHnrn B.H.BepHHKa h lO.B.MejibHHHyKa 
[8] H B.H.BepHHKa h M.M./^o^cona [9], nocBamennbie flHO(|)aHTOBbiM npnSjiHJKeHHHM h pa3MepH0CTH 
Xaycflop4)a. 
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10 npH6jiH:aceHH5i c Li;ejibiMH HeoTpHii;aTejibHbiMH HHCJiaMH 



10.1 /l^ByMepHbie npH6jiH:aceHHa 

nojiojKHM r = B paSoTe [l30] B.M.IIlMHflT nojiyHHJi cjieflyiomHH peayjibTaT. 

TeopeMa 54. IJycmb eeiu,ecmeeHHue nucjia 9^,9^ AuneuHO neaaeucuMU eMecme c edununeu Had 
Z. Tosda HaudemcM nocAedoeameAbHocmb neAux deyMepuux eenmopoe {xi{i),X2{i)) maKux, nmo 

1. Xi{i),X2{i) > 0; 

2. \\9^Xi{i) + 9'^X2{i)\\ ■ (ma:x{xi{i) , X2{i)}y npu i — > +oo. 

HsBecTHaa rnnoTeaa (cm. |1301I132] ) o tom, hto noKaaaTejib r b xeopeivie [541 Moacex SbiTb saMeneH 
Ha 2 — e c npoH3BOJibHbiM CKOJib yro;];HO MajibiM e, jifi chx nop ne ;i;oKa3aHa. Tgm ne Menee, 
pa^i; MaTeiviaTHKOB nojiynnjiH o6o6iii;eHH5i h yTOHHeHna Teopeivibi B.M.IIlMHflTa (cm., nanpHMcp, 
|135| . |136| . |15|). /JoKaaaTejibCTBO B.M.IIlMH^Ta HcnojiBSOBajio yTBepjK^eHne o neaaBHCHMOCTPi 
HaHjiyHniHx npnGjiH^KCHHii jthhchhoh (J)opMbi (TeopeMa ^ m = 2,n = 1) n 4)aKTH^ecKH Sbijio 
CBaaano c pasGopoM ^Byx cjiy^acB, pasjiHnaiomHxca b aaBHCHMOCTH ot Toro, nacKOJiBKO CHnryjiapHbiM 
aBJiacTca Ha6op 9^ , 9'^ {n = 1, m = 2) . (OaKTHnecKH, Ha;i;o paaGnpaTb flba cjiynaa. HepBbiii cjiyMafl, 
Kor;i;a ;i;jia Bcex u TaKHX, hto HaHJiynniHe npnSjiHJKeHHa z,^_i.z,^, Zj^+i neaaBHCHMbi, BbinojiHCHO 

BTopoH cjiynaft, Kor^a ;i;jia 6ecK0HeHH0 mhophx u BbinojinaeTca npoTHBonojiojKHoe HepaBCHCTBO.) 

B (11 4j SbiJi paaoSpan cjiynaii njioxo npH5jiHJKaeMbix hhccji 9^,9^. C(|)opMyjiHpyeM peayjibTaT h3 
|114| . ^Jia BeinecTBeHHoro 7^2 paccMOTpHM (|)yHKii;Hio 

2r - 2 

9{l) = ' 



r27-2 

Cpaay bh^ho, hto (7(7) CTporo ySbiBacT h hto 

gi2) = 2, lim gi^) = r. 

7— >+oo 

TaKJKC fljia nojiojKHTejibHoro T onpe;i;ejiHM BejiHHHHy 

c(r) = 2^^r^. 

TeopeMa 55. IJycmb Ha6op eetnecmeeuHHUx hucca 9^,9"^ HOAHemcH uaoxo npu6AuotcaeMUM e 
CAedywmeM cmucae. J],ah ueKomopux noAootcumeAtHux nocmoHHHUxT G (0, 1) 1*7 ^ 2 Hepaeencmeo 

ll^V + ^'msll ^ j-^ ^ (96) 

eunoAHEHO dAH ecex v^eAux eeKmopoe (mi, 7712) G \ {(0,0)}. Tozda naudemcfi 6ecK0HeHHaH 
nocAedoeameAbHocmb ii,eAux deyMepuux eeKmopoe {xi{i),X2{i)) manuM, nmo 

1. Xi{i),X2{i) > 0; 

2. \\9^xi{i) + 9'^X2{i)\\ ■ {max{xi{i),X2{i)}y^^'^ ^ C(r) Sam ecex i. 

Mbi He SyflCM ocTanaBjiHBaTbca na ^OKaaaTejiBCTBe stoh TeopcMbi. Oho pasBHBaeT opHrHHajiBHbi 

HflCH B.M.IIlMHflTa H H3JI0JKeH0 B |114) flOCTaTOHHO HOflpoSno. 
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10.2 O jiHHeHHbix 4)opMax c hhcjiom nepeMeHHbix k > 2 

B cjiynae k ^ 3 jinneHHaa 4)opMa ot k nepeMeHHbix, BOo5ni;e roBopa, MoaceT ne npHHHMaTb Majibie 
snaHeHHa npn nojiojKHTejibHbix xj. npHBe;i;eM peayjibTaT B.M.IIlMHflTa h3 |130| : 

TeopeMa 56. Haudemcn Ha6op uuceji Q = {6i, 9k)^ k ^ 3 maKou, umo 

• dimz6 = k + 1; 

• dAH A'K)6o20 noAOMCumeAhHozo e HaudemcH noAoofcumeAbHoe c{e) maKoe, umo 

\\9iXi + ... + 9kXk\ \ > c(e) ( max \xi 

dAH ecex %eAux Xi, ...,Xk c ycAoeueM Xi > 0. 

^jia ;i;0Ka3aTejibCTBa TeopeMbi [56] HcnojibsyeTca peayjibTaT r.^aBennopTa h B.M.IIlMH;i;Ta [29] o 

CymeCTBOBaHHH HHCejI C aHOMajIbHblMH COBMeCTHblMH npHGjIHJKeHHJIMH: 

TeopeMa 57. Uycmbn ^ 2 uip{t) ecmb noAOMCumeAhHoanaHHaH c^yHKii,ufi eew,ecmeeHH020 apsyMenma 
t. Tozda HaudemcH Ha6op hucea O = (^i, ...,6n) maKou, umo 

• dim^B = n + 1; 

• dAH A'K)6oso docmamoHHO doAhvaozo t naudemcH uamypaAhHoe q maKoe, umo HepaeeHcmea 

mw^m (97) 

eunoAHenu Sah ecex SHaneHuu undenca j, 1 ^ j ^ n, sa gosmochchum ucKAwneHueM odnoso SHaneHUH 
jo = jo{t). 

OTMeTHM, HTO npn n ^ 2 h ip{t) = 0{t~^),t — > +oo o6ecneHHTb BbinojineHHa HepaBencTBa (l97l) 
fljifl Bcex j H3 npoMe>KyTKa 1 ^ j ^ n nejiBSH, - sto npoTHBope^Hjio 5bi TeopeMe [TTI 

Cjie^ysi B.M.IIlMH^Ty |130| . noKajKeM, ^to h3 xeopeMbi 1571c noMombio npocTeninHx co5pa>KeHHH 
nepenoca BbiTexaeT TeopeMa 1561 ^Jia SToro na^o BsaTb n = k — 1 a ip(t) = e~*. /Jjia ^Hceji 
9i,...,6k-i, cymecTBOBaHHe KOTopbix oSecnennBaeTca xeopeMOH [571 HaH;i;eM TaKoe hhcjio 6k, flJia 
KOToporo c HeKOTopoH nojiojKHTejibHOH nocToaHHOH Ci{e) BbinojineHO 

WOiU + Okvll > ci{e){\u\ + \v\)-^-', l^i ^k-1 

j^jis Bcex ii;ejibix u,v c ycjiOBneM v > 0. (CTaH^iapHbie apryMeTHbi, CBaaannbie c npHMeneHneM 
jieMMbi Bopejifl-KaHTejiJiH, noKasbiBaiOT, ^to 3to HepaBencTBO BbinojiHeno ^jih noumu ecex ^Hceji 
Ok- Mbi npoBO^HjiH nofloSnbie paccy>K^eHHa b nvKKxax I2.2f2.3l HacToameH CTaTbH.) 

Tenepb ^jia n,ejiOH tohkh c ^ocTaTOHHO Gojibiuhm SHaneHHeM M = maxi^j^^ 

nojiaraeM t = (logM)^ h BbiSnpaeM q h3 HHTepBajia 1 ^ q ^ t, y;i;oBJieTBopaioiii;HM saKJiiOHeHHio 
xeopeMbi [571 He orpaHH^aa o6iii;hocth, CHHTaeM, hto jo{t) = 1. SnanHT, ecjin Xk > 0, to 

1 16*1X1 H h 9kXk\ \ ^ g"^||6'iga;i H h 9kqxk\ \ ^ 

> q'\\\Oiqxi + OkqXkW - M(||^2g|| + ■ ■ ■ + > 
> q-\ci{e/3){qM)-^-^'/^^ - kMe-') > M-'-^ 

H TeopeMa [561 iiOKaaaHa. 
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11 Sa^ana B.B. KosjiOBa 



PaccMOTpHM Ha6op BemecTBeHHbix hhcgji O = (6^, 6"^), jiHHeflHO nesBHCHMbix na^i; Z h BeinecTBeHHO- 
3HaMHyio (|)yHKn,Hio /(xi, x^), nepHOflHHHyio no Ka>KflOMy h3 apryMeHTOB Xj c nepHO^OM 1, o 
KOTopoH Mbi SyflGM npe^nojiaraTb, hto ona flOCTaTOHHO rjia^Kaa (nanpHiviep, nenpepbiBHafl) . Bciofly 
HHJKe B 3T0M nyHKTG 5y;i;eM npe;i;nojiaraTb, hto BbinojinaeTca ycjiOBne nyjieBoro cpe;i;Hero 



/ ■■■ / f{Xi,...,Xm)dXi...dXm = 0. 

Jo Jo 



(98) 



CorjiacHO 3HaMeHHT0H TeopeMe RBeiijia |140) ^jia nenpepbiBHoii (]3yHKn,HH / ^jia jiioSoh HanajibHoii 
4)a3bi y = {yi, ■■■,ym) € I^™ BbinojiHeno 

/(r,y) = /[^'®l(r,y)= r fieh + y,,...,e^t + ym)dt = o{T), T^+oo. 

Jo 

B.B.Ko3JiOB nocTaBHJi 3aflaHy o5 ocii;HJiJiaii;HH h B03Bpaiii;aeM0CTH HHTerpajia J(T, y). 

Mbi 5y;i;eM roBopHTb, hto HHTerpaji J(T, y) ocv^uAAupyem (npn 3a;i;aHH0H HanajibHOH 4)a3e y), 

eCJIH MHO>KeCTBa MOMGHTOB BpeMGHH 

X+ = {T G R+l /(T,y) > 0}, X- = {T G M+| /(T,y) < 0} 

o6a HBjiaiOTca neorpaHH^enHbiMH csepxy. 

Mbi 6jj]fiM roBopHTb, ^To HHTerpaji J(T, y) eosepainaemcji (npH 3aflaHH0H HanajibHOH 4)a3e y), 
ecjiH 

Umrnf |/(T,y)| = 0. 

y onHcaHHOH Bbime nenpepbiBHOH nocTanoBKH 3aflaHH HMeeTca ^HCKpeTHbin anajior. 

PaccMOTpHM naSop BemecTBennbix ^Hceji = {9^, 6"^), jiHHenHO He3BHCHMbix BMecTe c e^HHHn,eH 
nafl Z H (flocTaTOHHO rjiaflKyio) Bein;ecTBeHH03HaMHyio 4)yHKii;Hio F{xi, ...,Xm), nepHOflHHHyio no 
KajK;i;oMy h3 apryMeHTOB Xi c nepnoflOM 1, n HMeK)ni;yio nyjieBoe cpe;i;Hee: 

/ ■•■/ F{xi,...,Xm)dxi...dxm = 0. (99) 
Jo Jo 

YnoManyTaa Bbime TeopeMa F.Benjia o pabencTBe npocTpancTBennoro n BpeMennoro cpe^nnx b stom 
cjiynae yTBepjK;i;aeT, hto ^Jia jiioSoh naHajibnon 4)a3bi y = {yi, ■■■,ym) ^ K*" Bbinojineno 

Q 

SiQ, y) = 5[^'®](g, y)=J2 ^(^'^ + + ^™)^^ = «(^)' ^ ^ 

3 = 1 

Ocn;HJiJian;Ha n B03Bpani;aeM0CTb cyMMbi S{Q, y) npn Q — > +oo onpe^ejiaeTca, ecTecTBenno, anajiornnHO 
ocn,HjiJian,HH n B03Bpan],aeM0CTH nnierpajia /(T, y). 

EcjiH fljia (J)ynKn,HH m nepeiviennbix /(xi, Xm) paccMOTpeTb (J)ynKn,Hio Fz{yi, ...,ym-i) ot m — 
1 nepeMennbix (nepeMennaa 2 Tenepb paccMaTpnBaeTca KaK napaivieTp), onpe^ejiaeiviy 

cooTHomenneM 

F,(yi,...,y^_i) = / f{eH + y^,...,e"'-'k + ym-ue"'t + z)dt 
Jo 

H HOBbiH naSop nacTOT 9* = {9^/9"^, ...,9"^~^/9'^) (cocToan^nii h3 hhcgji, Jinnenno He3aBHCHMbix 
BMecme c eduHwueu nafl Z), to h3 B03Bpani;aeM0CTH (hjih ocn;HJiJian;HH) cyMMbi «S'[^""^1(Q, y) npn 
npn neKOTopoM 3HaHeHHH napaivieTpa z n npn neKOTopon naHajibnon (|)a3e y = (yi, y^j) 6y;i;eT 
cjieflOBaTb B03Bpan];aeM0CTH (hjih ocii,HjiJiaii,Ha) nnTerpajia /(T, x) npn cooTBeTCTByiomeH nanajibnoH 
4)a3e X. SaMCTHM 3flecb, ^to oSpainoe yTBepjK^enHe, BOo6iii,e roBopa, mojkgt 0Ka3aTbca neBepnbiM. 
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11.1 JleMMa Ilepeca h TeopeMa Xajiaca 



B 3T0M nyHKTe mm npHBe;i;eM flBa o5iii;hx yTBepjKflenHa h3 3pro;i;HHecKOH TeopHH h oScyflHM, KaKHe 
cjie;i;cTBHa ohh flaiOT b paccMaTpHBaeMofi aaflane. 

HanoMHHM, ^TO nofl dunaMUHecKOU cucmeMOU oSbinno noHHMaeTca BepoaTHOCTHoe npocTTpancTBa 
(fl, A, fi) c aa^aHHbiM 3pro;],H^ecKHM npeoSpaaoBaHHeM T MHO>KecTBa b ce6a (o5 ochobhbix nonaTHflx 
3pro;i;HHecKOH TeopHH cm. [83j). SproflH^ecKaa TeopMa BnpKrocjDa yTBepjK;i;aeT, hto j^jisi jiioSoh 
HHTerpHpyeMOH (J)yHKn;HH h3 f2 b R ^Jia hohth KajK^oro a; G BbinojinaeTca 

• Cjie;i;yioni;ee yTBepjKfleHne nsBecTHO KaK jieMMa K). Ilepeca. 

JleMMa 6. (lO.Hepec |116| ) Uycmb KOMnanmHO, a npeodpaaoeanue T Henpepueno. Tosda Bah 
AK)6ou HenpepueHou (f)yHK%uu g U3 Vt eM. naudemcH moHKa x E Q maKan, umo 

B paccMaTpHBacMoii naMH 3a;i;aHe jiCMMa [6] bjichct 

Cjie^CTBHe. JH^A^ npouseoA-bHoso Ha6opa Q, cocmoHiu,ezo U3 AuneuHO neaaeucuMUX eMecme 
c eduHuii,eu Had Z nacmom u Sam a'K)6ou uenpepueHou 4>y'HKii,uu F{xi, ...,Xm) nepuoduHHOu no 
KaotcdoMy apzyMenmy c nepuodoM 1 u UMewmeu uyAeeoe cpednee naudemcH moHKa y G [0, 1)™" 
maKan, umo 



gdn, Q — > +00. 




AHajiorHHHoe yTBep^KflCHHe ^jih HHTcrpajia /[■^'®1(T, y) HMecTca y H.Bojia |10l |. B necKOJiBKO 
Sojiee CHJibHOM bh^c oho HMCCTca y B.B.KosjiOBa |77|.|78): 

TeopeMa 58. (B.B.Kosjiob [77], [78]) 

(i) Uycmb Hacmomu 9^, ...,9"^ AuneuHO neaaeucuMU nad Z u nepuoduHecKan (pyHKUfUH f nenpepuena 
u UMeem uyAeeoe cpednee. Tozda naudemcH mouKa y G [0, 1)™ manaH, umo 

llf'^](T,y) ^0, VT G M, 

u, KpoMC mozo, /(y) = 0. 

(ii) EcAU Hacmomu 6^, ...,6"^ Auneuno aaeucuMU nad Z, mo cyiu^ecmeyem, no Kpauneu Mcpe, dee 
pasAuunue mouKU yi,y2 G [0, l)*", Bah Komopux eunoAneno saKAWuenue nynnma (i). 

• C(|)opMyjiHpyeM o;i;Hy h3 TCopcM h3 paSoTbi F.Xajiaca [49], Kacaion^eiica HOBe;i;eHHa cyMM 
BHpKro(J)a fljia HHTeprnpyeMOH na f2 4)yHKii;HH g. 

TeopeMa 59. (F.Xajiac [49]) /Jam aio6ou unmespupycMou g paanocmb 

Q . 

y^g{T'x)~Q / gd^i (100) 

s=i 

6ecKoneHno Mnoso pas Mcnnem snan (e CAa6oM cmucab) Sam noumu ecex x eVL 
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To, HTO BGJiH^HHa MGHHeT 3HaK B cjia6oM CMUCAe, B flaHHOM cjiy^ae 03Ha^aeT ^to, Kor^a BejiH^Hna 
oSpamaeTca b hojib, mm MOJKeivi TaKxce CHHTaTb ee noMeHaBinen anaK, to ecTb xeopeivia [59l vTBepac^aex. 

HTO BejIHHHHa (11001) He MOJKGT, HaHHHaa C KaKOrO-TO MOMGHTa, 5bITb BCerfla CTpOrO nOJIOJKHTejIbHOH 
HJIH CTpOrO OTpHn,aTejIbHOH. 

CjieflCTBHe.^yi^ npouseoAbHoso Ha6opa 0, cocmoMUi,eso U3 AuneuHO nesaeucuMUX eMecme c 
eduHuneu Had Z Hacmom u Sam npouseoAhuou UHmespupyeMOU (pyuKUiUU F{xi, nepuoduHHOu 
no KacHcdoMy apsyMenmy c nepuodoM 1 u UMewmeu uyAeeoe cpednee eeAununa S^^'^^{Q, y) 6ecK0HeHH0 
MH020 pas MeuHem shqk (e CAa6oM CMUCAe) Bah noumu eces SHaueHuu HauaAtHux (fiaa y. 

11.2 HHflHBHflyajibHaa B03Bpaii],aeM0CTt 

B cjiynae m = 2 BoaBpamaeMOCTb HHTerpajia Jt-^'®](T, y) jiflsi nepHOflnnecKOH 4)yHKii;HH f{xi,X2) G 
C^([0, 1]^) c HyjieBbiM cpe^iHHM, npoHSBOJibHoro naSopa nacTOT 9 = {9^,9'^). 9^/9"^ ^ Q h ji^jisi 
npoH3BOJibHbix HanajibKbix (J)a3 (2/1,1/2) 5biJia ;i;oKa3aHa caMHM B.B. Ko3JiOBbiM b |77|.|78|. B 3thx 
>Ke pa6oTax B.B.Ko3jiob 3aMeTHji, hto npn m = 2 hmcgt mgcto Sojiee tohhog yTBep>KfleHHe o 
B03BpamaeM0CTH HHTerpajia /(T, y), a hmghho Han^eTca nocjie^OBaTejiBHOCTb nojio>KHTejibHbix ii,eAUX 
HHceji TaKaa, hto o^HOBpeMenHO 

max II^^T^II ^ 0, J(r^,y)^0, u ^ +00. (101) 

^ajiee B.B.Ko3jiob 3aMeTHJi, hto h3 ycjiOBHa f{yi,y2) 7^ c noMombio yjKe flOKa3aHHOH "cHJibHofi 
B03Bpaiii;aeM0CTH" (II Oil) cjie;i;yeT ocii;HJiJiaii;Ha HHTerpajia /(T, y) npn paccMOxpeHHOM 3HaMeHHH 
HanajibHOH 4)a3bi y = (?/i,?/2)- 

3th pe3yjibTaTbi B.B.Ko3JiOBa 6bijiH ycHjienbi E.A.CHflopoBbiM |125) . o neivi mm noflpoSno HoroBopHM 
B cjieflyionteM nynKTe. B cjiynae HpoH3BOJibHoro 3HaHeHHa pa3MepH0CTH m pe3yjibTaTM 06 ocn,HjiJian,HH 
H B03Bpan],aeM0CTb 5mjih HOJiy^enbi C.B. KonarnHMM (b cjiy^ae HenemHOU (J)yHKn,HH / (cm. [76])) 
H H.r. Moni;eBHTHHbiM b o5ni;eM cjiynae (cm. |99|. |102| ). Hhjkc mm HpHBe^eM (|)opMyjiHpoBKH sthx 

pe3yjIbTaT0B H ^a^HM HCKOTOpbie KOMMCHTapHH. 

CnaHajia mm c4)opMyjiHpyeM ^bc TeopcMM, flOKa3aHHMe H.r.Mon],eBHTHHMM [99j. [102j . 

TeopeMa 60. UpednoAOCHCUM umo m ^ 2, umo cfiyHKii^uM f npuHadAeMcum KAaccy C"'([0, 1]*"), sde 

w = w{m) = [exp(20m logm)] (102) 

u umo eunoAHEHO ycAoeue HyAeeoso cpednezo ( f^j . Tozda Bah aio6ux Hacmom = {9^, ...,9'^), 
AUHeuHO HeseucuMux Had Z npu aw6ou HauaAtHou (paae y unmespaA I{T, y) eosepamaemcsi. 

TeopeMa 61. Ecau e ycAoeun meopeMu[6B donoAHumeAtHO nompe6oeamb, umo Jam uanaAhHou 
(f)a3u y = (?/i, ...,ym) eunoAHHemcn 

/(2/1, •••,2/m) 7^ 0, 

mo unmespaA I(T, y) ocuuAAupyem. 

^0Ka3aTejibCTBa TeopcMbi [60] mojkho nanTH b paSoTax aBTopa |99|. |102j . OflnaKO TaM ona 
c(J)opMyjiHpoBaHa c xy^HiHM 3HaHeHHeM H0Ka3aTejia rjia;],KOCTH w{m). Tcm hc Mcnee, flOKa3aTejibCTBO 
H3 |99). |102l | flocjiOBHO HpoxoflHT fljia H0Ka3aTejia p02p . K coacajieHHio, cooTBCTCTByiontaa BbiKjia^Ka 
npoBeflena tojibko b flHCcepTan,HH aBTopa |103| . Tcm hc mchc, ona JierKO BOCCTanaBjiHBaeTca. 
TeopeMainU BOo5Hi;e roBopa, ne aBJiacTca Henocpe;i;cTBeHHbiM cjie^CTBHCM TeopeMbi[60l ho ee flOKa3aTejibCTBO 
coBepmcHHO anajiornHHO ;i;oKa3aTejibCTBy TeopcMbi [6OI Tohhoc paccyjK^eHHe tojkc npHBeflCHO b 
;i,HccepTan,HH aBTopa [103| . 
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Ha TeopeMbi [60 o^eBHflHbiM oSpaaoM nojiynaeM 

Cjie^CTBHe. Ilycmb ^yuKii^uH F{xi, Xm) npuHad./ieMcum KAaccy C"'*-™-'([0, 1]™) u UMeem uyAeeoe 
cpednee (E^. Tozda Sam aio6ux uacmom Q = {6^, 6"^), AuneuHO neseucuMux eMecme c eduHU%eu 
Had Z u dAH ecHKoil HanaAhHou (pasu x eunoAHeno 

liminf [^(Q, x)| < +oo. 

Bh^hm, hto cjie;i;cTBHe ne oSecne^HBaeT BoaBpamaeMOCTH cyMMbi S{Q,y). no-BH;i;HMOMy, Bonpoc 
o B03Bpaiii;aeM0CTHH cyMMbi 5'(Q,y) ocTaeTca OTKpbiTbiM. 

OTMeTHM TaKJKe, ^To flOKaaaTejibCTBa TeopeM [60f6T] CBHsaHbi h Hccjie^OBaHHeM pacnpe^ejienHH 
HaHjiyHniHx flHo4)aHTOBbix npnGjiHJKeHHH jiHHeHHoii 4)opMbi (cjiy^an n = 1) h c tohkhm anajiHSOM 
ocii;HJiJiaii;HH rapMOHHK b pasjiojKeHHH (J)yHKii;HH / b KpaTHbifl pa^i; Oypbe. 

C4)opMyjiHpyeM Tenepb peayjibTaT C.B.KoHarnHa h3 |76| . 

TeopeMa 62. UpednoAoofcuM nmo m ^ 3, nmo cfiyHKii,UM f npuHadAecncum KAaccy C""i([0, 1]'"), sde 

wi = wi(m) = 3m- 2™-^ (103) 

u Hino eunoAHCHO ycAoeue uyAeeoso cpednezo (ESj. /JonoAHumeAbHO npednoAOMCUM, nmo Bah ecex 
X eunoAHeno 

/(-xi, = -/(xi, (104) 
Tozda UHUiespaA I{T, 0) eoaepaw^aemcH. 

Otmcthm, hto Wi{m) < w{m)^ h, cjie^OBaTejibHO, b Teopeivie C.B.KoHarHHa o HeneTHOH (|)yHKii;HH 
ycjiOBHe Ha rjia;i;KOCTb / aBJiaeTca Sojiee cjiaSbiM, hgm b Teopeivie [60l 

SaMeTHM, ^To TeopeMa [62] MO>KeT SbiTb oSoGmena cjie^yiomHM oSpaaoM: ecjiH paccMOTpeTb ne 
OflHy (J)yHKn,Hio /, y^OBjieTBopaiomyio ycjiOBHio TeopeMbi [62] a KoneuHUU Ha6op 4)yHKn,iiH /i, 
KajK^aa h3 KOTopbix y^OBjieTBopiieT ycjiOBiiio TeopeMbi [62l to 5yfleT BbinojiHeno 

^^l^f E |/'^-®'(T,o)| = o. 

/^OKaaaTejibCTBO h3 [76] o5o6iii;aeTca nenocpeflCTBeHHO. C;i;ejiaeM necKOJibKO saMeHaHHH o tom, 
KaKOH rjia^KOCTii 4)yHKn,iiii / neflocTaTOHHO ^jih BOSBpamaeMOCTH. H.r.MomeBiiTiiH (cm. |95|). 
ocHOBbiBaflCb Ha ii;],eflx /^.B.TpemeBa, oSoSmnji npHMep A.IlyaHKape |119| . [T20] ii ;],0Ka3aji cjie^yiomee 
yTBep>KfleHHe. 

TeopeMa 63. nycmh Ha6op nacmom 9 = {9^, ...,6''") HeAHemcn uaoxo npu6AUMcaeMUM, mo ecmh c 
HeKomopou noAootcumeAhHou V = r(6) Sam ecex uenyAeeux ii,eAux eenmopoe k = {ki, km) G Z"* 
eunoAHHemcH Hepaeencmeo 

\kie^ + ■ ■ ■ + kmO""] >r - (max \ki 

Tosda HaudemcH l-nepuoduuecKan no KaMcdou nepeMeuHou ^yuKii^uH /[®l(xi, x^) c uyAeeuM 
cpednuM KAacca C""-2([0, 1]™) \ C"-^([0, 1]™) maKan, nmo 

lim j[^'''''®l(T,0) = +oo. 
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Otmgthm, hto flJiH njioxo npH6jiH»caeMoro naSopa ycjiOBHe jiHHeiiHOH neaaBHCHMOCTH na^ Z 

BbinOJIHGHO aBTOMaTHHeCKH. 

C ppjTom CTopHbi, nocTpoHB HeKOTopbiH CHHryjiapHbiii naSop nacTOT 0, C.B.KoHarnH b [76] 
nojiyHHji cjie^yiomHH peayjibTaT. 



TeopeMa 64. IIpu m ^ 4 hoaochcum 



W3 = w^{m) 



(m — 1 



\m—l 



1. 



Toeda Haudemcn (f)yHK'u,UH nepuoduuecKan f G C"'^([0, 1]™) u Ha6op nacmom O = (0^,...,^™), 
cocmoMUi,uu U3 JiuHeuHO HesaeucuMUX Had Z hucca, manue, umo eunoAHeno IjlOil ) ^ '^'^^^ 

lim /[^'''''®l(T,0) = +oo. 

SaMeTHM, ^To npH m ^ 9 TeopeMa [64] ^aei npHMep Sojiee rjia^Kon (J)yHKn,HH / (^eM TeopeMa 
[63ll . fljia KOTopoii neT BOSBpamaeMOCTH HHTerpajia /[/'®''®1(T, 0). 

OTpHii;aTejibHbiH peayjibTaT o6 OTcyxcTBHH oflHOBpeMeHHofi BoaBpamaeMOCTH b oGmeM cjiynae 
HMeexca y H.F. MomeBHTHHa b |99| . Oh TOJKe CBaaan c HcnojibsoBaHneM cnnryjiapHbix Ha6opoB 0. 
HpHBe^eM ero (J)opMyjiHpoBKy. 

TeopeMa 65. Uycmh $(t) - CKOAh yzodno 6ucmpo y6uea'K)ui,aM k uyAW ^ynnVtUH. Tosda HaudymcH 
dee eemecmeeHH03HaHHue (^yuKv^uu 

fj{xi, X2, X3) = ^ fj-MMM exp(27ri(/cixi + k2X2 + hx^)), j = 1, 2, 

manue, umo ux K09^cf)uii,ueHmu Oypte donycKawm ov^euKy 

\fj-MMM\ ^ "^(max |A;,|) VA; G Z^ j = 1,2, 

HO Bah HeKomoposo Ha6opa = {6^, 6'^, 6^), cocmofiui^ezo U3 mpex hucea, auheuho nesaeucuMux Had 
Z eunoAHJiemcM 

liminf V |/[^^'®1(T,0)| = +00. 

OTMeTHM TaK>Ke paSoTy aBTopa [97], b KOTopoii HMejiocB ^acTH^noe pemenHe npoSjieMbi npH 
m = 3. 



11.3 PaBHOMepnaa BosspamaeMOCTb 

Korfla Mbi roBopHM o paenoMepHou eoaepavnaeMocmu, mm HMeeM b BH^y hto BoaBpamaiOTca BejiHHHHbi 

j(T) = j[^'«](r) = sup |/[^'®i(2^,y)l, RiQ) = R^^'^'^Q) = sup |5[^'®i(Q,y)|. 

PeayjibTaT E.A.CH^opoBa, ynoMHHaBniHfica Bbime, othochtch HMenno k paBHOMepnoii BOSBpamaeMOCTH. 
CeHHac Mbi ero c(|)opMyjiHpyeM. 

TeopeMa 66. (E.A.CnflopoB |125| ) Uycmb m = 1 u (f)yHK%u}i F{x) neAfiemcsi l-nepuoduuecKou 
adcoAwmHO Henpepuenou (fiyHKV,ueu eemecmeeuHou nepeMeuHou x. Uycmh 6 ^ Q. Tosda UMeem 
Mecmo paeHOMepnasi eosepamaeMOcmh cyMMU S^^'^^{Q,y), mo ecmt 

liminf i?(g) = 0. 

Q— >+oo 
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^OKaaaTejibCTBO E.A.CH^opoBa HcnojibsyeT annapaT n,enHbix j]Tpo6em. 

KaK oSnapyiKeHO b [96] cjiynaH m > 1 cymecTBGHHO OTJinnaeTca ot cjiynaa m = 1. (B 
paSoTe [96j aBTop ^OKaaaji OTcyTCTBne paBHOMepnoH BoaBpamaeMOCTH yxce npn m = 2 h fla»ce ^Jia 
rjia^Koii F(xi,X2). J^Ji^i SToro oh HcnojibsoBaji CHnryjiapHbiii naSop (^1,^2), nepe^OKaaab TeopeMy 
A. 51. XHH^HHa 1926 ro^a (TeopeMy [T]) , o KOTopoii oh b to bpeivia ne anaji. B nacToameM oSaope 
Mbi npHBO^HM 4)opMyjiHpoBKy Sojiee o6iu,ero peayjibTaTa E.B.KojiOMenKHHoii h H.F.MomeBHTHHa 
|82| H ocHOBHoro BcnoMoraTejibHoro yTBepjK;i;eHHa (o cymecTBOBaHHH CHHryjiapHbix naSopoB 
cneii;HajibHoro BH^a npn n = 1). 

PaccMOTpHM paajiojKeHHe b pa^i; Oypbe 

F{xi, ...,Xm) = ^ Fk^^...,k^exp{2ni{kiXi + ... + kmXm))- 

{kl,...,km)&'^\{0} 

CnenmpoM 4)yHK%uu F Syfleivi nasbiBaTb MHOJKecTBO 

spec F = {(fci, k^) e Z'" : Fk,,...,k, ^ 0}. 

CjieflyiomHH peayjibTaT noKasbiBaeT, hto paBHOMepHofi B03Bpaiii;aeM0CTH MOJKeT ne 6biTb flajKe b 
cjiynae onenb 6ojibmoH rjiaflKOCTH (J)yHKii;HH F. 

TeopeMa 67. Uycmb nepuodunecKaji cfiyHKU^usi F c nepuodoM 1 npuHadAecHcum KAaccy C^([0, 1]™) 
u eunoAHCHO ( fPPj] . 

PaccMompuM CAedywu^ue dea ycAoeun: 

(A) dAH AK)6ou noAoofcumeAbHOSHaHHOu (fiyHKHuu \{t) = o{t), t — > +00, HaudemcM maKou 
Ha6op HuceA G = {6^, ...,6"^) AuneuHO neaaeucuMux eMecme c eduHuv^eu Had Z manou, umo 

i?[^'®](g) > \{Q) 

npu ecex docmamoHHO doAhmux Q; 

(B) HaudemcH noAoatcumeAbHoe R u HenyAeean it,eAa^ moHKa (pi,...,pm) G Z"* maKue, nmo 
specF C 13{R) [JC{p), zde B{R) o6o3HaHaem map e M"^ c v^eHmpoM e uyAe u paduycoM R, a C{p) 
o6o3HaHaem npsiMyw e M™, npoxodsimyw uepes uauaAO Koopdunam u mouKy p. 

Tosda ycAoeue (A) aneueaAeHmHO ompuv^aHuto ycAoeun (B). 

/Jjia flOKaaaTejibCTBa TeopeMbi [67] HcnojibsyeTaca cjie^yiomaa 

JleMMa 7. B npednoAOMcenuu ompuij,aHUH ycAoeun (B) meopeMU E3 Sa^ npouseoAbHou cfiyHKii,uu 
ip{t), MOHomoHHO ydueaww^eu k uyAW npu t — *• +00, naudemcH Ha6op 9 = {6^, ...,9"^), cocmoHVUuu 
U3 HuceA, AuneuHO neaaeucuMux eMecme c eduHU%eu Had Z u 6ecK0HeHHaH nocAedoeameAbHocmt 
eeKmopoe 

{ki^u, km,u) e spec F, z/ = 1, 2, 3, ... 
manue, nmo Sah Kaomdoso v eunoAHMemc^ 

\\e^ki,, + ... + ^ V ( max \ki.,+i\] . (105) 

BnflHM, HTO ycjiOBHe (11051) onenb noxoxce na cooTHomeHne (fTg]) . 4)HrypHpyioiii;ee b SKBHBajieHTHOM 
onpe;i;ejieHHH V'-CHHryjiapnocTH (b jieMMe [7] pe^b H^eT KaK 6bi o "naHJiyHinHx npHSjiHJKeHHax h3 
MHOJKecTBa specF"). 

Otmcthm, ^to ecjiH naSop ne aBjiaeTca ^/'-CHHryjiapHbiM (npH HCKOTopoH (]3yHKn,HH to 
nojiyHHTb yTBep>KfleHHe o paBHOMepnoH B03BpamaeM0CTH mo>kho o^enb jierKo: HMeeT mccto cjie^yiomee 
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IIpefljioaceHHe 4. 

PaccMompuM y6ueaK)myK) k hi/ak) npu t +00 (pyHKii^uw ^{t) u npednoAOCHCUM, umo pud 



I max \ki\ 


J ■ max \ki\ 




1 l^Ji^m 



E 

cxodumcH. UpednoAoofcuM, umo Koacfj^uv^ueHmu Oypbe cfiyHKV^uu F(xi, ...,Xm) donycKawm o%eHKy 



|-Ffci,...,fc„| ^ ^ max \ki\ I , 
u umo eunoAHeno ycAoeue uyAeeozo cpedueso (OSj. PaccMompuM (cmpeMHiUiymcH k uyAw) (pyHKniUW 

(fcl,...,fcm):maxi^i^„ 

nycmt n = 1 u Ha6op Q = {6^, ...,9^), cocmonv^uu U3 auheuho neaaeucuMux eMecme c eduHU%eu 
Had Z eeinecmeeHHUx hucba, ue HeAHemcH ip-cumyAHpnuM hu npu KaKou 4>y'HK'u,uu ip{t) maKou, 
umo 

ip{t) ■ {(^i{t)y^ ^ +00, t ^ +00. 

Tozda Haudemcji nocAedoeameAbHocmt ii^eAux hucea q^, jJ. = 1,2,3, .. maKan, umo 



R^^'^\%) 0, max ll^^g^ll ^ 0, /i ^ +00. 



C^ejiaeM noacneHHe. HanpHMep, ycjiOBna npe;i;jiojKeHHa Sy^yT BbinojineHbi, ecjiH ot K03(J)(J)Hii;HeHT0B 
Oypbe (J)yHKii;HH F noTpeSoBaTb BbinojineHoa HepaBencTBa 

|F,„„„fc^| ^ r( max \h\)-\ Vk e \ {0}, 

C HeKOTOpblMH 

r > 0, 7 > (m + l)m, 
a OT HaSopa noTpeSoBaTb BbinojineHHa cooTHomeHHa 

limsup ■?/'e(^) ■ ^""^ = +cxd. 

t— >+oo 

Bh^hm, hto npe^JioJKeHHe 4 yTBep>KflaeT cymecTBOBaHne "chjibhoh B03BpamaeM0CTH" Kor^a 
BbinojineHbi o;i;HOBpeMeHHO o5a cooTHomenHa h3 (llOip , npHneivi STa B03Bpaiii;aeM0CTb hocht paBHOMepHbiii 
xapaKTep. Ha ;i;oKa3aTejibCTBa oneBH^HO, hto anajior npe^jiojKeHHa 4 cnpaBe;i;jiHB h ^Jia o;i;HOBpeMeHHoii 
B03BpamaeM0CTH HHTeprajiOB hgckojibkhx 4)yHKn,HH. B CBeie npe^JioaceHHa 4 CTanoBHTca acno, hto 
ocHOBHyio Tpy^HOCTb B flOKasaTejiBTCBe TeopeM [60f6T] cocTaBjiaeT paaGop cjiynaa, Kor^a Ha6op 
aBjiaeTca ?/'-CHHryjiapHbiM c o^ghb 6biCTpo yGbiBaiomeii (J)yHKn,HeH ip. 

^OKaaaTejibCTBO npefljiojKeHna 4. 

HeBbinojiHeHHe ycjiOBHa ^/'-CHHryjiapnocTH, corjiacHO npe;i;jio>KeHHio 1, osHanaeT, hto fljia neKOTopoH 
6ecK0HeHH0H noflnocjie;i;oBaTejibHOCTH HaHJiyHinnx npnSjiHJKeHHH BbinojineHO 

■ (<l'i(M,^+i))-^ ^ +00, +00. (106) 

5ICH0, HTO 



K = ■ MM,,+i) ^0, fi^ +00. 
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riojIOJKHM 

_ m 

H onpe^ejiHM no TeopeMe ^HpHxjie TaKoe q^, hto 

_ j_ 



5ICH0, HTO 



^ +00, max ||6'jg^|| ^ 0, fi ^ +00. 



C ppjTOm CTOpOHbl 

9m 



kez™\{o} 



E exp(27r?(A;i6'^ + ... + k^O 



s=l 



E:. / A niaxj l/Ejl ■ maxj ||6'jgu|| / , ^ 

k:maxi |fci|<M^^+i 

-I 1 
« + ■ = 2 (C":(<f - 0, ^ ^ +00. 

B nocjie;i;HeM HepaBencTBe ncnojibsoBaHO (I106p . npe;i;jiojKeHHe flOKaaano. 

12 CHHryjiapHbie CHCxeMbi cneii,HajibHoro BH/i;a. 

HeKOTopbie yTBep>KfleHHH h3 npe^bi^ymnx nynKTOB Hamen CTaTbH npeflCTaBjiaiOT h3 ceSa TeopeMbi 
cymecTBOBaHHfl CHnryjiapHbix MaTpHu,, oSjia^aiomnx cnen,HajibHbiMH CBoftcTBaMH. K TaKOBbiM othochtch, 
nanpHMep, xeopeivibi [6]I34II12|13|4T] h jieMMa[7l 

B HacToaineM nynKTe mm npHBeflCM eme ;i;Ba yTBepjK^ieHHa o cymecTBoaBHHH CHHryjiapnbix 

CHCTGM CO Cnen,HajIbHbIMH CBOiiCTBaMH. 

HepBOMy yTBepjK^eHHK) cjie^yeT npe^nocjiaTb ^Ba saMenaHHa. Bo-nepBbix, ecjin paccMOTpeTb 
cjiynaH n = 1, m = 2 to (xaK OTMenajiocb b nyHKxax [2|5 . 31 GecKoneHHO mhofo pas Gy^yT BCTpenaTbca 
TpoHHH no;i;pa;i; H^iymHx neaaBHCHMbix HaHJiyHinnx npnSjiHJKeHHH, h, TaKHM o6pa30M, ji^jisi SecKoneMHO 
MHornx 3HaHeHHH u 5yfleT BbinojineHO 

Bo-BTopbix, xoTHM OTMGTHTb, HTO fljia CKOJib yro^HO 6biCTpo y6biBaioiii;eH K HyjiK) npn t — ^ +00 
4)yHKii;HH ijj{t) npn n = 1 h jiio6om m ^ 2 aBTopoM b |100| Smjio aHOHCHpoBano (oTHOCHTejibHO 



no;i;po6Hoe ;i;oKa3aTejibCTBO ecTb b [ 10 5j) cymecTBOBaHne bgktopob 6 G TaKHx, hto dim^G = 
m + 1 H 

Cu ^ V^(M,+„_i). 

HocjieflHee yTBepxcfleHne cymecTBOBaHHe ;i;onycKaeT cymecTBenHoe ycHJieHne. 

TeopeMa 68. Ilycmb m ^ 3, nycmt aadana CKOAt yzodno 6ucmpo ydueatoiu^aH k uyAW npu t —>■ +00 
cfiyHKit^uM nycmb aadana CKOAb yzodno 6ucmpo pacmymaji k 6ecK0HeHH0cmu nocAedoeameAbmHocmb 

HamypaAbHux hucea t(z/), z/ = 1, 2, 3, .... Tozda cymecmeywm O G M*" manue, umo dim^O = m + 1 
u 
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Mbi noHCHHM flOKaaaTejibCTBO SToii TeopeMbi b cjiynae m = 3. 

^jia BeKTopoB w, e e (npeflnojiaraeivi, hto e ecTb bcktop eflHHHHHofi p^jinHhi) h nojiojKHTejibHbix 
r], S onpe^ejiHM mapoBoli ceKTop 

S^,5(w,e) = {9 : |e-w|^r/, 1(6 - w)/|e - w| - e]^ 5} (107) 

(I ■ I B flaHHOM cjiy^ae o6o3Ha^aeT eBKjiH^OBy HopMy, xoTa, BOoSme roBopa, cnen,H4)HKa HopMbi ne 
HMeeT 3HaHeHHa). /Jjia BeKTopa w = {w^,w'^,w^) G Sy^eivi oGosHanaTb w = {w^,w'^,w^, 1) G M^. 
By^eM OTO>KflecTBjiaTb npocTpancTBO c a4)4)HHHbiM noflnpocTpancTBOM {(x, : y = 1} C R'^. 
^jia flOKaaaTejibCTBa TeopeMbi [68] HcnojibsyeTca cjie;i;yioiii;a5i 

JleMMa 8. Uycmb UMeemcfi mpexMepnoe AuneuHoe enoAue pav^uonaAbHoe nodnpocmpaHcmeo H C 
M^, dimll = 3 c HopMaAhw w n (9ea AuneuHux nodnpocmpaHcmea 7ri,7r2 C 11, dimvri = dim7r2 = 2. 
Uycmb aadanu uamypaAbHue hucag a < b < c u eenmopu 

'Ly = (xi., y^) = (xi,,,, X2,i., X3^^, yu) eZ^, 1 ^ z/ ^ c 

maKue, nmo 

(i) Za, Za+1, ...Zb^i, Zb G TTi/ 

(ii) Z6,Z6+i, ...Zc-i,Zc G TTa; 

(iii) Zfc_i, Zfe, Zfo+i AuueuHO nesaeucuMU. 

Uycmb UMCwmcH noAootcumcAbHue ri,6 u eenmop e G mame, umo eunoAHCHO CAcdytoinee: 
ecKmop e opmozonaACH nodnpocmpancmey 7i2, u Sam a'io6oso 9 G Bn,s{'^, e), c ycAoeucM dim^G = 4, 
nepeue c uimyK ecKmpoe nauAijumux npudAUMcenuu cymb umchho eenmopu z^^, 1 ^ u ^ c. 

Uycmb aadano uamypaAbHoe d > c. 

Tosda HaudemcM enoAue paii,uoHaAbHoe auhcuhoc nodnpocmpancmeo n=K,dimn=K = 3 c HopMaAbw 
w*, nodnpocmpancmeo tts C II,,,, dimvra = 2 u nocAcdoeamcAbnocmb ncAOHUCAcnnux eenmopoe 

Zc+l, •••,Zd-l,Zd G TTs 

maKue, nmo Zc-i,Zc, Zc+i neaaeucuMU, u Sam ncKomopux noAomcumcAbnux u ncKomopozo 

eenmopa G M? eunoAHCHO CAcdytomee: eenmop opmosonaAen nodnpocmpancmey ir^, u Oah 
Ajodoso G .5, (w=K , e* ) C -Br,^5(w, e), c ycAoeucM dim^B = 4, nepeue d mmyn eenmopoe 
nauAyumux npu6AUMceHuu cymb umchho ecKmopu z^, 1 ^ u ^ d. 

HsjiojKHM cxeMy ^OKaaaTejibCTBa jieMMbi[8l L[ejio^HCJieHHafl pemeTKa pacna^aeica na TpexMepnbie 
cjiOH n^, napajiJiejibHbie no^npocTpancTBy 11: 

CnaHajia BbiSnpaeivi ii;ejiyio TOHKy Zc+i h3 cjioa Hi hjih n_i, "coce^Hero" k cjioio Ho = 11 (KaKofi 
HMeHHO Ha^o BbiSnpaTb coce;i;HHH cjioii onpe^ejiaeTca HanpaBJienneM BeKTopa e). MojKeivi CHHTaTb, 
HTO aScojiiOTHaa BejiHHHHa M^+i = maxj=i 2,3 |a;i,c+i| oneHb BejiHKa no cpaBneHHio co BceiviH napaivieTpaMH, 
4)HrypHpyiomHMH b HH^yKTHBHon npe^nocbijiKe. /Jajiee o5o3Ha^aeM 11* = span(zc_i, Zc, Zc+i), 
TTs = span(zc, Zc+i), h nycTb w^, - HopMajib k 11^,. 

BeKTopbi Zc, Zc+i JiejKaT b flByiviepHOM Bnojine paii;HOHajibHOM noflnpocTpancTBe ir^. Mbi MOJKeivi 
HaHTH nocjieflOBaTejibHOCTb BeKTopoB Zc+2, Zd G TTanZ'^ TaK, HTo6bi OHH cocTaBJiajiH nocjie;i;oBaTejibHOCTb 
ecex HaHJiyHinnx npnGjiHJKeHHH (Sojibinnx no nopivie, neivi |zc+i|,) flJia nocjieflnero BeKTopa z^ 
omnocumcAbHO pememnu 713 fl c HHflyn,HpoBaHHOH nopMoii. Tax KaK 11^, D 7r3 9 z^, ...,Zfi, to 
3a caeT BbiSopa Majibix 77* h 5^ (b saBHCHMOCTH ot BejiHHHH p(n*) H Md = maxj=i 2,3 mm 
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floSHBaeMCfl BbinojiHeHHfl yTBep>KfleHHH jieMMbi [8l HpH stom nanpaBjienHe BCKTopa e^, BbiSnpaeTCfl, 

HT05bI HMGHHO BeKTOpbl Zrf_i H Zrf (a HG Zrf — Zrf_i H Zrf ) 5bIJIH 5bl nOCJie^HHMH HaHJiyHniHMH 

npH5jiH>KeHH5iMH H3 nepBbix d npHSjiHJKeHHii ^Jia jiioSoro B h3 CTpoameiica OKpecTHOCTH. (no^^oSnaa 
KOHCTpyKn,Hfl HMeeTca y O-HTepMana b [Tl3j .[46j.) 

J^Jin flOKaaaTejibCTBa TeopeMbi[68]jieMMa[8]npHMeHaeTca cjie^yiomHM o6pa30M. CnaHajia aanyMepo- 
BbiBaiOTCfl Bce TpexMepHbie Bnojine pan,HOHajibHbie no^npocTpancTBa b M^. 3aTeM aanycKaeTca 
HH^iyKTHBHbiH npoii;ecc nocTpoeHna BJiojKeHHbix OKpecTHOCTeii BH;i;a (|107p . OnpeflejiaeTca nocjie;i;oBa- 
TejibHOCTb HH;i;eKCOB z/fc TaK, HToSbi z/fc+i = Uk + T(z/fc). KajK;i;biH pa3 jieiviMa [8] npHMenaeTca fljia 
a = z/fc_i, b = Uk^c = Vk+i- HpH 3T0M flonojiHHTejibHO TpeSyeTca BbiSnpaTb BejiHHHHy rj^, nacTOJibKO 
Majioii, HToSbi 

Tor^a npH b ^ u ^ c HMeeM u + t(z/) ^ c + r(c) = d m Sy^eT BbinojiHHTbca 

KpoMe Toro, na Ka>KflOM mare cjie^yeT OT^ejiaTbca ot Bnojine pan,HOHajibHoro TpexMepnoro no^npocTpa- 
HCTBa, HOMep KOToporo coBna^aeT c HOMepoM mara. 

Hojibayacb cjiynaeivi, npHBe;i;eM (J)opMyjiHpoBKy o;i;Horo yTBepjKfleHHa, anoHCHpoBaHHoro H.r.MomeBH- 
THHblM H O.H.FepMaHOM B |113| 

TeopeMa 69. Uycmb n = l,m ^ 2. Tosda djin npouseoAbuou CKOAb ysodno 6ucmpo y6uea'K)ineu k 
nyjiK) npu t — > +oo ^yHK%uu il){t) HaudemcH ip-cumyAHpnuu Ha6op G M™" manou, umo dimz0 = 
m + 1 tt dAfi Mo6o20 V eenmopu z^, z^^+i, . . . , z^+m 6ydym neaaeucuMU. 



13 ^oSaBjieHHe. 

13.1 O jiaKynapHbix nocjie/i;oBaTejibHOCTax. 

HocjieflOBaTejibHOCTb {tj}, j = 1, 2, 3, .. nojiojKHTejibHbix BeinecTBeHHbix hhcgji HasbiBaeTca jiaKynapHOH, 
ecjiH fljia HeKOToporo M > BbinojiHeno 

^ ^ 1 + ^, Vj G N. (108) 

A.5I.Xhhhhh b 1924 ro;i;y ;i;oKa3aji, hto fljia jiioSoh nocjie;i;oBaTejibHOCTH, y^OBJieTBopaiomeH 
(11081) HafifleTca BemecTBeHHoe mhcjio a h nojiojKHTejibHoe 7 TaKne, hto Sy^eT BbinojiHeno 

\\tnC(\ \ ^ 7 Vn G N. 



3tot peayjibTaT onySjiHKOBaH b paSoTe |60| (Hilfssatz III), KOTopyio mm ii;HTHpoBajiH Heo;i;HOKpaTHO. 
Ero MOJKHO TaKJKe nanTH b ne^aBHeM nepeHS^anHH ipy^OB A.51.XHH^HHa |68| (pa6oTa |60|. nepeBe^enHaa 
na pyccKHii asbiK, Bomjia b KHHry |68|). JleMMa [2] h3 nyHKxa 16.41 HacToameH pa6oTbi, ecTecTBGHHO, 
aBjifljiacb o6o6meHHeM SToro o^HOMepnoro peayjibTaia A.5I.XHHHHHa. 

OTMeTHM, HTO KOHCTpyKii;Ha A.51.XHHHHHa no3BOJiaeT ycTanoBHTb cymecTBOBaHne BeinecTBeHHoro 

a H nOJIOJKHTejIbHOH aScOJIIOTHOH nOCTOaHHOH 7 TaKHX, HTO 
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50 JieT cnycTa, b 1974 ro^y n.3pflem [38] BbiCKasbiBaji rnnoTeay, ^to ^jih npoHSBOJibHofl jiaKynapHOH 
nocjie^OBaTejibHOCTH HaH^eTca BemecTBeHHoe hhcjio a TaKoe, hto flpoSnbie ;i;ojih {atj}, j G N ne 
Sy^yT BCiofly njiOTHbi b [0, 1]. Otbgt na Bonpoc n.3pflema, ecTecTBGHHO, cjieflOBaji h3 npoii;HTHpoBaHHOH 
Bbime jieMMbi A.5I.XHH^HHa. O^naKO stot peayjibTai A.5I.XHH^HHa 6biji 3a6biT. PemenHe rnnoTesbi 
n.3pflema 6bijio onyGjiHROBano A.riojiJiHHrTOHOM |118) h B. MaTanoM |94| . HoajKe KOJiH^ecTBennbie 
yTOHHeHHa HMejiHCb y H.Kan,HejibcoHa [58], P.K.AxyH>KaHOBa h H.F.MomeBHTHHa [3], A./Iy6Hn,Kaca 
|34| . HaHJiyHniHii H3BecTHbiH KOJiHHecTBeHHbifl peayjibTaT npHHafljiejKHT lO.riepecy h B.IIIjiary 
|117| . Ohh ;i;oKa3ajiH, hto c neKOTopoH a6cojiiOTHOH nojiojKHTejiHofl nocToaHHofi 7 > fljia KajKflofl 
paccMaTpHBaeMOH nocjieflOBaTejibHOCTH {tj} HaH;i;eTca BeinecTBeHHoe hhcjio a TaKoe, hto 

lla^jll > Vj e N. (109) 

" ^" MlogM ^ ' 

lO.riepec H B.IIIjiar ncnojibsoBajiH BecbMa opHrHHajibnyio KOHCTpyKn,Hio, CBaaanHyio c npHMeneHneM 
cneii;HajibHoro BapnaHTa jiOKajibHofi jieiviMbi JloBaca. 

Ilocjie paSoTbi lO.Ilepeca h B.IIIjiara noaBHJica pa^ CTaTefi, b KOTopbix npefljiojKeHHbifi MeTO^i; 
npHMenajica b paajiH^Hbix ;],Ho4)aHTOBbix aa^anax (cm. [TT], |35| . [106] . [107] . |109| . |110| . |1 11] . 11211 ). 
B cjie^yiomeM nynKTe mm ^a^HM KpaTKHH oGaop neKOTopbix h3 3thx paSoT. S^ecb me otmcthm, 
HTO B aa^a^e o JiaKynapHOH nocjie^OBaTejiBHOCTH naHjiy^mee ana^eHHe nocToaHHofi 7 h3 p09p . 
no-BHflHMOMy, nojiynaeTca h3 paSoTbi H.H.PoHeBa }121j . 

HpefljiojKeHHbiH lO.HepecoM h B.LQjiaroM b pa6oTe |117| noflxofl k nocTpoenHio njioxo npnSjiHJKaeMbix 
(no OTHomeHHK) k JiaKynapHOH HOCJie;i;oBaTejibHOCTH) BeHi;ecTBeHHbix hhcgji OKaaajica npHMennM bo 
MHorHx aa^anax TeopnH flHo4)aHTOBbix npH5jiH>KeHHH. HH>Ke mm nepe^HCJiHM neKOTopbie h3 hhx. 
Ho npe>Kfle mm c^ejiaeM pa^ saMe^anHH MeipH^ecKoro xapaKiepa. 



13.2 O HeKOTopbix MeTpHHecKHx pesyjibTaTax 

Bo-nepBbix, paccMOTpHM oflHOMepnyio aa^any o npHSjiHJKeHnax. Hpoi^HTHpyeM peayjibTaT ^jK.B.C.Kac- 
cejica H3 paSoTbi [21]. HanoMHHM, hto BoapacTaiomaa nocjie;i;oBaTejibHOCTb {tn}^=i ii;ejibix hhcgji 
HasbiBaeTca E-nocjie^OBaTejibHOCTbio, ecjin, oSosnanaa nepea u„ KOJinnecTBO ^poSeii BH^a j-, 0<j<tn 
He npe^CTaBHMbix b bh^g f- c naTypajibEbiM i h q<n, hmgct mgcto cooTHomeHne 



liminf — — >0. 



HpHMepaMH S-nocjie^OBaTejibHOCTeH MoryT cjiy>KHTb nponaBOJibnaa jiaKynapHaa nocjie^OBaTejibHOCTb 
HaTypajibHMx ^Hceji, nocjie^OBaTejibHOCTb hhcgji BH^a n"^, n = 1,2, 3, ... npn (J)HKCHpoBaHHOM naTypajibnoM 
d, HJiH nocjie;i;oBaTejibHOCTb OiopcTenSepra (o KOTopofi H;i;eT penb HHJKe). 

TeopeMa ^jK.B.C.Kaccejica [21] yTBepjKflaeT, hto gcjih {tn}^=i aBJiaeTca S-nocjie^OBaTejibHOCTbio 

00 

H c|)yHKn,Ha ijj^n) mohotohho ySbiBaeT k nyjiio npH t +00 to b cjiynae pacxo^HMOCTH pa^a ^ ^p(n) 

n=l 

fljia noHTH Bcex ^ BbinojinaeTca 

liminf II 1 1 ■ (^(n))"^ = 0. 

4n— >+oo 

Bo-BTopbix, c4)opMyjiHpyeM cjiynaii pacxo^HMOCTH na TeopeMbi A, 51. XHH^Hna [61|(b aa^ane o cobmccthmx 
npnSjiHJKeHHax h b tom bh^g, b KOTopoM oh npHcyTCTByeT b rjiaBe 111 KHHrH |133) ). IlycTb Ha6op 
nojiojKHTejibHoaHaMHbix (J)yHKii;HH ipi{q), ...,ilJn{q) naTypajibHoro apryMCHTa q TaKOB, hto (J)yHKii;HH 
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He BoapacTaeT, a pa^ '^q^^'il) pacxoflHTca, to ^jih ho^th Bcex naSopoB (^i, ...,9n) E HMeeTca 
SecKOHeHHO mhofo HaTypajibHbix hhcgji q, TaKHx hto 

B-TpeTbHx ynoMHHeM peayjibTaT HTajiJiarepa h3 [44| (Tonnee ne oSmee yTBep>K^eHHe, a ero 
cjie^CTBHe), TO>Ke KacaiomHiica cjiy^aa pacxo^HMOCTH. 3tot peayjibiaT rjiacHT, hto ^Jia ho^th Bcex 
nap BemecTBeHHbix hhcgji ^1,^2 BbinojineHO 

lim inf n log^ n ||n^i|| ||^^2|| = 0. 

n— >oo 

13.3 O npHMenenHH MeTO^a Xlepeca-IIIjiara. 

3;i;ecb Mbi o6pHcyeM Kpyr aaflan, b KOTopbix npHMeneHne MeTo;i;a Hepeca-IIIjiara nosBOJiaeT nojiynaTb 
HeTpHBHajibHbie peayjibTaTbi o cymecTBOBaHHH njioxo npnGjiHJKaeMbix hhcgji. 

• npH6jiH:»ceHHa c cy63KcnoHeHij;HajibHbiMH nocjie^OBaTejibHOCTHMH. 

PaccMOTpHM nocjie^OBaTejibHOCTb BemecTBennbix hhcgji tn,n = 1,2,3, .. TaKyio, ^to 

t„xexp(7t^), 7 > 0, 0<(3<1. (110) 
B |107| noKaaaHO, hto j^jisi jiio6oh nocjieflOBaTejibHOCTH BemecTBeHHbix hhcgji rjn MHOJKecTBO 

{^GM: inf ||U-^n||-t'"^logt>0} 

HMeeT pasMepnocTb Xaycflop(J)a paBnyio 1 (TO^nee, b |107| paccMOTpen tojibko o^Hopo^Hbiii cjiynaii 
rjn = Vn, o^naKO ^OKaaaTejibCTBO o6mero cjiy^aa ^ocjiobho noBTopaeT flOKasaiejibCTBO nacTHoro 
cjiynaa). 

HanpHMep, paccMOTpnivi nocjie;i;oBaTejibHOCTb OiopcTenGepra s„,?t, = 1,2,3,..., cocToamyio h3 
ii;ejibix MHceji BH;i;a 2^3"^, A;, m = 0,1,2,3,..., ynopafloneEHbix no BoapacTannio. /l^Jia nee ycjiOBne 
( lllOp Bbinojineno c (3 = 1/2. TaKHM oSpaaoM, nojiy^aeM, hto npn BcaKoii (jDHKCHpoBannoH nocjie;],OBa- 

TejIbHOCTH neO^HOpOflHOCTeH rjn MHOJKeCTBO 

{e e M : inf I -Vn\\- log t„ > 0} 

HMeeT xaycflop(|)OBy pasMepnocTb 1. 

r.OiopcTeHSepr [43] (npocToe ^OKaaaTejibCTBO j^Slji M.BomepHHn;aH [TT]) ^OKaaaji, hto fljia Hppan;HO- 
najibHoro ^ MHOJKecTBO ;i;po5Hbix flojien {2"3'^q;} na OTpesKe [0, 1] BCiofly hjiotho h, CTajio SbiTb, 

liminf | |s„^| |=0. 

n— >oo 

OTMeTHM, HTO o xapaKTepe CTpeMJienna BejiHHHHbi | |s„a| | k nyjiio aaMenaTejibKbiH peayjibTaT nojiynnjin 
HeflaBHO >K.BypreHH, E.JlHH;i;eHmTpaycc, n.Mnmejib h A.BenKaTem [12]. 3tot peayjibTaT CBaaan c 
npHMeneHHeM on,eHOK CHHsy jiHHeiiHbix (|)opM ot ^Byx jiorapH4)MOB ajireSpaHnecKHx HHceji. 

• IlojiHHOMHajibHbie nocjie^OBaTejibHOCTH. 

IlycTb nocjie^OBaTejibHOCTb t„ pacTeT nojiHHOMHajibno, to ecTb 

t„xn^, /3>0, 
B paSoTe |109| ^tOKaaano, hto MHoacecTBO 

{^GM: inf ||t„^-r/„,|| -t^logt^ > 0} 
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HMeeT pasMepHOCTb Xayc;i,op4)a ^ y+^- 

3thm ;i;aH otegt na Bonpoc B.M. IIlMHflTa h3 paSoTbi |131| . B stoh me paSoTe B.M. IIImh;i;t 
3a;i;aeT 6ojiee cjiojkhmh Bonpoc, na KOTopbin otegt ;i;o chx npo HensBecTeH. Mm npHBO^M ero 
4)opMyjiHpoBKy: cymecTByiOT jih TaKHe BemecTBeHHbie C,, flJia KOTopbix 

inf llnVll ■n>0 7 

neN " " 

npHBe;i;eM 3;i;ecb TaKJKe (J)opMyjiHpoBKy peayjibTaia A.SaxapecKy |138| o tom, hto fljia jiioSoro 
Hppaii;HOHajibHoro ^ h ;i;jia jiioSoro nojiojKHTejibHoro e BbinojiHeno 

liminf lln^^ll ■ n^/^-^ = 0. 

n— »oo 

PeayjibTaT A.SaxapecKy aBJiaeTca HaHJiyninHM nsBecTHbiM na nacToainee Bpeivia. 

YnoMaHyTaa Bbime TeopeMa Kaccejica OKasbiBaeT, ^to nocTpoennbie b ^Byx paccMapHBaeMbix 
Bbime aa^a^ax MHO>KecTBa MoryT HMeTb jiHinb nyjieByio Mepy JleSera. Xo^eTca TaK>Ke OTMCTHTb, hto 
B pa6oTe H.n.PoHGBa |121| HMeeTca o6maa TeopeMa o npH6jiH>KeHHax jiHHeHHoii 4)opMbi, co^epjKamaa 
B ce6e H3Jio>KeHHbie Bbime peayjibTaTbi o cymecTBOBaHHH njioxo npnGjiHJKaeMbix HHceji. 

^ajiee b TeKymeivi nynKTe mm ocTaHOBHMca na flByx MHoroMepHbix 3a;i;aHax. 

• npo6jieMa JlHTTjiBy^a. 

BecbMa 3HaMeHHTaa rHnoTe3a JlnTTjiBy^a npe^nojiaraeT, hto ^Jia jiioSbix BemecTBennbix HHceji 
G;^2 BbinojinaeTca 

liminf n ||^^i|| = 0. 

n— >oo 

nojib3yacb cjiynaeM, aBTop xoneT CKa3aTb, hto (J)opMyjiHpoBKy rHnoTe3bi JlHTTJiBy;i;a oh y3Haji, 
6yflyHH CTy;i;eHTOM BToporo Kypca: eMy paccKa3aji o neii C.A.^0B6bim. 

C noMOinbio MeTo;i;a Hepeca-IIIjiara mojkho flOKa3aTb (cm. cymecTBOBaHHe TaKHx .^1,1^2 

BbinojinaeTca 

liminfnlog n- ||n^i|| ||n^2|| > 0. 

n— >oo 

H3 ynoManyTOH b nanajie nynKTa TeopeMbi HTajiJiarepa BbiTexaeT, hto naGopbi ^1,^2, oGjia^aiomne 
TaKOBMM CBOHCTBOM, MoryT o6pa30BbiBaTb B MHOJKecTBO He Sojiee HeM HyjieBOH Mepbi JleSera. 

• BAD-rnnoTesa. 

JJ^Jiii ^Hceji a,f3 G [0, 1] npn ycjiOBHH a + f3 = 1 m ji^Jin 5 G (0, 1/2) paccMOTpHM MHoacecTBO 
BAD(a,/?;5) = = (6,6) e [0, 1]^ : inf max{p"||pei||,p''||K2||} > s] . 

B. M.IUmh^t |132| BbiCKa3aji npe^nojioJKenHe o tom, hto ^Jia jiio6bix ^Byx naSopoB ai, 0:2, /52 G 
[0, 1], ai + /3i = 0^2 + /?2 = 1 nepeceneHHe 

BAD(ai,/3i)flBAD(a2,/32) 

nenycTO. 3to npeflnojiojKeHne, ;i;BOHCTBeHHoe k rHnoTe3e JlnTTJiBy^a, nojiynnjio Ha3BaHHe BAD- 
rHnoTe3bi. Oho ^ojiroe BpeMa ocTaBajiocB otkpmtmm. He^aBHO /J.BoflarHH, A.riojiJiHHrTOH h 

C. BejiaHH anoHCHpoBajiH pemeHne BAD-rHnoTe3bi. Hojinoe (hjih ^aiKe cxeMaTHnecKoe) flOKa3aTejibCTBO 
HOKa He;i;ocTyHHO. 

Mexo^i; Hepeca-IIIjiara ;i;aeT cjie;i;yiOHi;HH pe3yjibTaT. ^Jia HpoH3BOJibHO HOCJie^OBaTejibHOCTH 
Heo;];Hopo;i;HOCTeH rj = {rij}'^^ PaccMOxpHM MHOJKecxBa 

BAD;(a,/3;5) = = (6,6) e [0,1]' : inf max{(plog(p + 1))" | |p6l I, (pMp + 1))^| b6 - ^pI 1} ^ 
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riOHHTHO, ^TO 

BAD(a, f3; 6) C BAD*(a, f3; 5) 

{rj = 3flecb osHanaeT, hto Bce rjj paBHbi Hyjiio). h mto, nocKOJibKy pa^i; Yl'^=i piog(p+i) PcicxoflHTca, 
npH KajKfloii (|)HKCHpoBaHHOH nocjie;i;oBaTejibHOCTH rj oGte^^HHeHHe 

BAD;(a,/3) = |jBAD;(a,/3;5) 

<5>0 

ecTb MHO>KeecTBO HyjieBOH Mepbi JleSera 

B |110) flOKaaano, ^to ^jih npoHSBOJiBHbix ai, 02, /32 ^ [0, 1], ai + /3i = ^2 + = 1 h ^jih 
npoH3BOJibHoro < 5 ^ 2^^° nepece^enne 

BAD*(ai, 6) f| BAD*(a2, /?2; 5) (111) 

HenycTO. /^OKaaaTejiBCTBO yTBep>KfleHHH o nenycTOTe nepece^enHfi BH^a 

BAD;i (ai, 5) fl BAD;, {a^, P^; 6) 

j^jisi jiioSbix flByx (|)HKCHpoBaHHbix nocjieflOBaTejibHOCTefi 77^, 77^ ^ocjiobho noBTopaeT ;i;oKa3aTejibCTOB 
cooTHomeHHa f illip . npoBe^enHoe b jTTOj. 

KaK noKaaaji 5I.Bio>ko b coBMecTHOH paSoTe |17] . bo Bcex nepe^HCJienHbix Bbime aa^a^ax mojkho 
flOKaaaTb cymecTBOBanHe MHOJKecTBa njioxo npnSjiHJKaeMbix ^Hceji noAHOu pasMepnocTH Xaycflop4)a. 
^jia BToro cjie;i;yeT npnivieHHTb npHHii;Hn pacnpeflejieHHa Mace (cm. |T3], rjiaba V hjih [39j). KpoMC 
SToro, pa6oTa pTj coflepacHT pa^i; ;i;pyrHx npHMeHenHH MeTo;i;a k aa^anaM Tnna npo6jieMbi JlHTTJiBy^a. 

B HacToainefi CTaTbe mm hc npeflnojiaracM flcjiaib CK0Jib-HH6y;i;b noflpoGnbiH oSaop paSoT, CBaaannbix 
c npoSjiCMaMH THna rHnoTesBi JlHTTjiBy;],a. TaKOBbix paSoT ohchb mhofo. SaMCTHM jinnib, hto 
HMecTCH Sojibinoe KOJinnecTBO paSoT nocBamenHbiM HCCJieflOBaHHHM oScyjKflaBniHxca Bbime BonpocoB 
c noMombK) TCopHH flHHaMHHecKHx CHCTCM. Mbi ynoMaHCM oSaop [48j . 

Otmcthm, hto b flOKaaaTCJibCTBax Bcex c(|)opMyjiHpoBaHHbix bi nacToameM nyTKTC peayjibTaTOB 
o cymecTBOBaHHH njioxo npnSjiHJKaeMbix hhccji TaK hjih Hnane npncyTCTBycT cjieflyioin;HH BapnanT 
jiOKajiBHoii jicMMbi JloBaca (cm. |121j ): 

JleMMa 9. IJycmb {An}^^i — cucmeMa co6umuu e eepoHmHocmHOM npocmpaHcmee (fi, JF, P), 

n 

{Xn}n=l ^ Ha6op HUCCA U3 [0; 1]. 0603HaHUM Bq = Q, Bn = n A ^ ^ ^J; 2(9e A'^ = Q\Am. 

m=l 

nycmt Sam naoicdozo n G {1, . . . , naudemcji manoe m = m{n) G {0, 1, . . . , n—1}, umo eunoAHeno 

P(v4„ n BJ ^ X„ J] (1 - Xk) ■ P{Bm) 

m<k<n 

(ecAU m = n — 1, mo cuumaeM Y\ {1 — Xk) = 1/ Tosda npu 1 ^ n ^ N cnpaeedAueo Hepaeencmeo 

m<k<n 

P(5„) ^ (l-x„)P(5„_i). 

13.4 06 (a, /5)-Hrpax. 

HanoMHHM onpeflCJieHHe {a, (3) nrpbi BaHaxa-Ma3ypa-IIlMH;i;Ta b npocTpancTBC M'^. HiaK, nycTb 
G (0,1) H nycTb 5* C M*^ - HCKOTopoe MHOJKecTBO. HrpaiOT Sejibie h nepHbie. CnaHajia 
nepHbie Bbi5HpaiOT saMKnyTbiH map (b sup-nopMc) Bi ^HaMCTpa l{Bi)=2p. SaTCM Sejibie BbiSHpaiOT 
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saMKHyTbiH map WiCBi ^HaivieTpa l{Wi)=al{Bi) . Hotom ^epnbie BbiSnpaiOT aaMKHyTbiH map 
B2GW1 ;i;HaMeTpa l{B2)=(3l{Wi), h t.^. B peayjibTaTe oSpaayeTca nocjieflOBaTejibHOCTb BJio»ceHHbix 
saMKHyTbix mapoB BiDWiDB2DW2D- ■ ■ c flnaivieTpaMH l{Bi)=2{a(3y~^ p h l{Wi)=2a{al3Y~^ p (i=l, 2, . . . ) 

OneBH^HO, ^TO MHO>KeCTBO n^]^i?j = fl^^ PVj COCTOHT H3 OflHOH e^HHCTBGHHOH TOHKH. EcjIH Hf^^Bi^S , 

TO roBopaT, ^TO 6ejibie BbiarpajiH Hrpy. Mno^KecTBO S nasbiBaeTca (a, /5)-BbiHrpbimHbiM, ecjiH 6ejibie 
MoryT BbiHrpaTb Hrpy neaaBHCHMO ot Toro, KaK nrpaiOT ^epnbie. MHO>KecTBO S nasbiBaeTca a- 
BbinrpbimHbiM, ecjiH oho aBJiaeTca (a, /3)-BbiHrpbimHbiM npn KajKflOM (3 G (0,1). BbiHrpbimnoH 
pasMepHOCTbio windim^ MHOJKecTBa ^ G M nasbiBaeTca cynpeiviyM Tex a, npn KOTopbix MHOJKecTBO 
A aBJiaeTca a-BbmrpbimnbiM. Ecjih windim^ > 1/2 to, KaK JierKO BH;i;eTb A = M.^. Hpn < a < 
1/2 cymecTByiOT neTpHBHajibHbie a-BbiHrpbimnbie MHoacecTBa. B.M.IIImh^t( [T26] . |133| )) flOKaaaji o 
BbiHrpbimHbix MHOJKecTBax pa^ o5m,Hx TeopeM. HH>Ke mm npHBO^HM ^bg h3 hhx. 

TeopeMa 70. Ecau a > , mo ecHKoe a-eumpuumoe MHOotcecmeo e M.'^ UMeem pasMepHocmb 
Xaycdop(pa paeHyto d. 

TeopeMa 71. Ecau a > , mo nepecenenue Awdozo CHemnozo HUCAa a-eumpumnux MHOotcecme 
CHoea 6ydem a-eumpumnuM. 

/l^ajiee mm hphbo^hm pa^ npHMepoB BbiHrpbimnbix MHOJKecTB. 

• Cjieflyiom,HH peayjibTaT HMeeTca y B.M.IIlMHflTa |126) . 

TeopeMa 72. Uycmt, d = 1. SacfjuKcupyeM uamypaAhuoe q ^ 2. MHOotcecmeo 

Mq = {xeR: 3C(x) > G N ||g"x|| ^ C(x)}, 

cocmojimee U3 eevnecmeeuHux hucca, ne mAnmiu^uxcH HopMaAhHUMU no uamypaAhHOMy ocHoeaHUK) 
q ^ 2 UMeem euuzpuiunyio paaMepnocmt 1/2. 

• ripH d = 1 paccMOTpHM jiaKynapHyio nocjie^OBaTejibHOCTb nojioJKHTejibHbix hhcgji tj (onpe^ejieHHe 
jiaKynapHOCTH cm. b npe^MflymeM nynKTe). OSoSmaa paccy>KfleHHa B.M.IIlHM^Ta, Jierxo BH^eTb, 

HTO MHOJKeCTBO 

TV = {x G M : 3(7(x) > V G N ^ 

HMeeT BbiHrpbimHyio pasMepnocTb 1/2. 

• /Jjia nocjie^OBaTejibHOCTeii cyGjiaKynapnoro pocTa aBTop |104| ^OKaaaji cjie^yiomHii peayjibTaT. 

TeopeMa 73. IJycmb nocAedoeameAbHocmb noAOMCumeAhHux hucba tn manoea, nmo 

V£ > BA/'o ^ A^o : ^ ^ 1 + — . 

Tosda npu naotcdoM noAOMCumeAbuoM 6 Muootcecmeo 

As = {xeR : 3c(x) > Vn G N \\tnx\ \ > c{x)/n^} 
6ydem a-euuspumnuM c AtoduM aadauHUM naneped a G (0, 1/2), mo ecmh windim^^ = 1/2. 

• OcoSo cjie^yeT noroBopHTb o njioxo npnSjiHJKaeMbix CHCTCMax jiHHeHHbix (|)opM. PaccMaTpHBaeMbiii 
B nacToamen CTaTbe Ha6op Bem,ecTBeHHbix hhcgji = {0*, 1 ^ z ^ m, 1 ^ j ^ ra} nasMBaeTca 
nAOXO npu6AUCHcaeMUM, ecjiH naiifleTca nojioJKHTejibnaa nocToannaa 7 Taxaa, hto ^Jia cooTBeTCTByiomefl 
CHCTeMbi jiHHeiiHbix (J)opM Le(x) = {Lj(x), 1 ^ j ^ n}, BbinojineHO 



max ||Lj(x)|| ^ 7 ■ max |a;i| , Vx G M™ \ {0}. 
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Xopomo H3BecTH0, ^TO njioxo npH6jiHJKaeMbie naSopbi cymecTByiOT, h ^to npn Bcex n, m MHoacecTBO 
Bcex npoxo npH5jiH>KaeMbix naSopoB G ecTb MHO»cecTBO nyjieBOH Mepbi JleSera b M""* (nocjieflneee 
BbiTCKae, HanpHMep, h3 MeTpHnecKoii Teopeivibi A.5I.XHHHHHa, ynoMaHyTofi b nyHKTe ??). 

C flpyroii CTopoHbi, KaK jierKO bh^gtb Ha6op 6y^eT njioxo npnSjiHJKaeM b tom h tojibko tom 
cjiynae, Kor^a ^Jia (J)yHKn,HH HpHHKa (l20l ) BbinojiHaeTCfl 

liminf t^ipe{t) > 0. 

t— ► + 00 

5IcH0, HTO njioxo npnSjiHJKaeMbiH naSop G oSpaayeT peryjiapnyio CHCTeMy (b TeoMHHOJiorHH A.H.XnHHHHa). 
C4)opMyjiHpyeM TeopeMy B.M.IIlMHflTa h3 |128| . 

TeopeMa 74. Upu nacucdoM SHauenuu pasMepHocmeu n, m MHOofcecmeo n./ioxo npu6AUCHcaeMux 
Ha6opoe G e W^,d = nm UMeem eumpuumyw pasMepHocmb 1/2. 

Otmgthm, hto njioxo npHSjiHJKaeMbiM cncTeiviaM hhcgji nocBaineno orpoMHoe KOJinneTBO JiHTepaTypbi, 

oSaOp KOTOpOH Mbl npOCTO He B COCTOaHHH c^ejiaTb. 

• OTMeTHM B saKjiiOHeHHe, ^TO o BbiHprbiniHbix MHOJKecTBax HMeeTCfl flOBOJibHO MHoro flpyrHx 
paSoT (cm., HanpHMep, [T],[2].p].[83],[?7].[4n].[4T].[42].[74].p7]). 
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